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Multipoint iterative methods belong to the
class of the most efficient methods for solving
nonlinear equations of the form f(x) = 0. In-
terest in multipoint methods has grown for
two principal reasons. The first is that root
solvers based on multipoint methods over-
come theoretical limits of one point methods
related to the convergence order and computa-
tional efficiency. Secondly, with the significant
progress and developments made in computer
hardware and software (multi-precision arith-
metic and symbolic computation), implemen-
tation and convergence analysis of multipoint
methods with the capability to generate root
approximations of very high accuracy have be-
come possible.

This book offers the reader both a system-
atic introduction to techniques for developing
multipoint methods and a unified presenta-
tion of the multipoint iterative methods con-
structed during the last fifty years. The re-
sults presented in the book mainly reflect the
research conducted over the past decade, and
are devoted to multipoint methods that attain
maximal order of convergence with a fixed number of function evaluations.

Intended as a combination of theoretical results, algorithmic aspects and symbolic
computation, Multipoint Methods for Solving Nonlinear Equations serves as well-structured
professional reference for numerical analysts, engineers, physicists and computer scien-
tists.

Contents: Basic concepts; Two-Point methods; Three-Point non-optimal methods;
Three-Point optimal methods; Higher-order optimal methods; Multipoint methods with
memory; Simultaneous methods for polynomial zeros.
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Excerpt from Preface of the monograph
“Multipoint Methods for Solving Nonlinear Equations”

(Elsevier 2013)

Calculating zeros of a scalar function f ranks among the most significant problems
in the theory and practice not only of applied mathematics, but also of many branches
of engineering sciences, physics, computer science, finance, to mention only some fields.
These problems lead to a rich blend of mathematics, numerical analysis and computing
science. Our book mainly concerns itself with a special class of iterative methods for
solving nonlinear equations, commonly called multipoint or multi-step methods (both
terms appear in literature). Multipoint iterative methods are defined as methods that
require evaluation of f and its derivatives at a number of values of the independent
variable.

The main goal and motivation in the construction of new methods is to achieve the
highest computational efficiency; in other words, it is desirable to attain as high as
possible convergence order with a fixed number of function evaluations per iteration.
Some classes of multipoint iterative methods considered in this book can satisfy the
latter requirements. This book will study many new computationally effective root-
finding methods and numerous well-known methods are identified as special cases.

Any one-point iterative method, such as Newton’s, Halley’s, Laguerre’s, Euler-Cauchy’s
method and members of the Traub-Schröder basic sequence, which depends explicitly
on f and its first r − 1 derivatives, cannot attain an order higher than r. Therefore, the
informational efficiency of one-point methods, expressed as the ratio of the order of con-
vergence r and the number of required function evaluations per iteration cannot exceed
1. Multipoint methods are of great practical importance, since they overcome theoretical
limits of any one-point method concerning the convergence order and computational effi-
ciency. The majority of this book is devoted to the so-called optimal multipoint methods
that attain the order of convergence r = 2n costing n + 1 function evaluations. Their
informational efficiency is always greater than 1 for n ≥ 2.

Most iterative methods presented in this book can also handle complex zeros. How-
ever, for simplicity and following previous examples, we consider functions and root-
finding methods in real domain. Thus, throughout this book, we assume the possibility
of finding complex zeros without placing undue emphasis upon it.

Traub’s 1964 book, as well as papers published in the 1970s and 1980s, studied
multipoint methods extensively. The early years of the twenty-first century have occa-
sioned a renewed interest in multipoint methods. This is no mere coincidence. Being
that multipoint methods produce approximations of great accuracy, the rapid develop-
ment of digital computers, advanced computer arithmetics (multi-precision arithmetic
and interval arithmetic) and symbolic computation have allowed for an even more effec-
tive implementation of multipoint methods. Many iterative methods, once of academic
interest only, have become feasible in practice.

During the last ten years, at least 200 new methods have been proposed, making a
comprehensive survey of all such methods too ambitious for the present text. However,
many methods are either non-optimal or slight modifications or variations of existing
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methods, even rediscovered methods. For these reasons, our study mainly concerns itself
with optimal methods that have brought a genuine advance in the theory and practice
of iterative processes. Nonetheless, the book includes some multipoint methods of lower
computational efficiency, usually without details, because of their influence on the topic
or for their historical importance.

The book is divided into seven chapters. Approximately half of the material presented
originates from the authors’ papers. Chapters 6 and 7 consist largely of very recent
results. Also included are the selected results of other authors published over the last
fifty years, from Ostrowski’s 1960 work, up to very recently published results. The book
is intended as both a systematic introduction to techniques for developing multipoint
methods and as a unifying presentation of the multipoint iterative methods constructed
over fifty years using these techniques.

The package Mathematica was also used for symbolic computation in all complicated
evaluations and convergence analysis of the methods presented. Since the considered
methods produce approximations of high accuracy, multi-precision arithmetic was em-
ployed.

This book, intended as a mixture of theoretical results, algorithmic aspects and sym-
bolic computation, is both a text and a reference source for numerical analysts, engineers,
physicists and computer scientists, who are interested in new developments and applica-
tions. It is the only book that treats iterative multipoint methods for solving nonlinear
equations. This particular feature enables readers to understand the convergence behav-
ior and computational efficiency of the various iterative methods. The presented material
will also be useful as a text for a graduate or undergraduate course in numerical analysis.


