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The simultaneous inclusion of polynomial
complex zeros is a crucial problem in numeri-
cal analysis. Rapidly converging algorithms are
presented in these monograph, including con-
vergence analysis in terms of circular regions,
and in complex arithmetic. Parallel circular it-
erations, where the approximations to the ze-
ros have the form of circular regions contain-
ing these zeros, are efficient because they also
provide error estimates. There are at present
no book publications on this topic and one of
the aims of this book is to collect most of the
algorithms produced in the last 15 years. To
decrease the high computational cost of inter-
val methods, several effective iterative processes
for the simultaneous inclusion of polynomial ze-
ros which combine the efficiency of ordinary
floating-point arithmetic with the accuracy
control that may be obtained by the interval
methods, are set down, and their computational
efficiency is described. The rate of these meth-
ods is of interest in designing a package for the
simultaneous approximation of polynomial ze-
ros, where automatic procedure selection is de-
sired.

Contents: Introduction, Basic concepts, Iterative methods without derivatives, Gen-
eralized root iterations, Bell’s polynomials and parallel disk iterations, Computational
efficiency of simultaneous methods.



2

Excerpt from Preface of the monograph
“Iterative Methods for Simultaneous Inclusion of Polynomial Zeros”

(Springer-Verlag 1989)

Galois’ famous theorem states that a general direct method in terms of explicit for-
mulas exists only for the polynomial equations degree of which is less than five. Because
of that, to find the zeros of polynomials of higher degree one must apply some of numer-
ical methods; moreover, such methods are already used for polynomials of degree three
and four since the corresponding explicit formulas are remarkably complicated. A great
importance of the problem of determining polynomial zeros in the theory and practice
(e.g., in the theory of control systems, stability of systems, nonlinear circuits, analysis
of transfer functions, various mathematical models, differential and difference equations,
eigenvalue problems and other disciplines) has led to the development of a great number
of numerical methods in this field. The list of contributors contains many of the most
famous names of mathematical history. These numerical methods, which generally take
the form of an iterative procedure, have become practically applicable together with the
rapid development of digital computers some thirty years ago. In connection with any
implementation of the numerical methods on a computer, it is important to note that
the selection of zero-finding routine may depend heavily on extramathematical consid-
erations such as speed and memory of the computing equipment and trustworthiness of
the results. Anyone using a computing has surely inquired about the effect of rounding
and propagated error due to uncertain values of polynomial coefficients. The computed
solution of a polynomial equation is only an approximation of the true solution, since
there are errors originating from discretization or truncation and from rounding. In
connection with this effect we quote Henrici’s argumentation given in [48]:

“Working with finite word length, we cannot hope to identify exactly a complex
number such as a zero of a polynomial. We can at best exhibit a circle of arbitrary
small radius that contains it. Moreover, it will not be reasonable to assume that the
coefficients of the polynomial are known exactly; they must be considered as given only
by small circles in the complex plane. If this is so, we cannot distinguish between genuine
multiple zeros and clusters of close zeros. Thus, the best we can expect any algorithm
to do is the following: Given any polynomial of degree N and given a positive number
ϵ, the algorithm should produce at most N point sets of diameter ≤ 2ϵ which together
contain the zeros; also, it should indicate the number of zeros in each set.”

With practical computational problems, a standard question should be “what is the
error in the result?” As already pointed out by Wilkinson [138], the considered amount
of the applied procedure is to improve the approximate results and also to give error
bounds for the improved approximations. The demands of the computer age with its
arithmetic of finite precision, have dictated the need for a structure which is referred to as
interval arithmetic. The calculation in ordinary floating-point arithmetic do not normally
produce any information about the accuracy of the obtained results; in order to obtain
such information it has been proposed (e.g., Moore [72]) to employ interval arithmetic.
In particular, the problem of finding complex zeros of a polynomial with automatic error
bounds requires complex interval arithmetic. Two realizations of interval arithmetics over
the complex numbers were introduced. These are the so-called rectangular and circular
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complex interval arithmetics. It is interesting to note that circular arithmetic has just
been introduced (Gargantini and Henrici [37]) as a necessary tool for the construction
of an iterative procedure for determining all zeros simultaneously in terms of circular
region (the same paper [37]).

In this book our attention is restricted to the simultaneous iterative methods for de-
termining complex zeros of a polynomial, realized in complex interval arithmetic. These
methods start with the initial complex intervals Z

(0)
1 , . . . , Z

(0)
n (disks or rectangles) which

contain the zeros ξ1, . . . , ξn of a polynomial, and produce at the m-th iterations the se-
quences {Z(m)

1 }, . . . , {Z(m)
n } of complex intervals converging to the zeros ξ1, . . . , ξn. Basic

characteristic of these iterative interval processes is inclusion property regarding the ze-
ros, namely, for all computed approximations Z

(m)
1 , . . . , Z

(m)
n the inclusions ξi ∈ Z

(m)
i

hold for each i = 1, . . . , n and m = 0, 1, 2, . . . . Therefore, we have the automatic deter-
mination of the upper error bounds given by the radii or semidiagonals of the inclusion
approximations. The exact solutions of a polynomial equation are considered in the
resulting complex intervals. Besides, there exists the ability to incorporate rounding
errors without altering the fundamental structure of the interval method. Finally, these
interval methods are suitable for parallel computing. The price to be paid in order to
achieve the characteristics of interval methods mentioned above, consists of the increase
of numerical operations and the requirement of initial inclusion regions. These regions
(in the form of disks or rectangles) can be obtained by means of one of the global search
procedures.

The basis for constructing interval methods, presented in this book, is a combination
of the fixed point relations and the inclusion property of complex interval arithmetic
as well as an extension of the concept of a “complex” number. When the radius or
semidiagonal of a complex interval is equal to 0, one obtains a “degenerate” interval
which can be identified with the complex number equal to the center of the complex
interval. Consequently, any iterative method for improving the complex polynomial
zeros, realized in complex interval arithmetic, can be easily rearranged to the “point”
method in ordinary complex arithmetic. This was one of the starting point in forming
the concept of the book which implies a survey of simultaneous methods in complex
interval arithmetic. One of the aims of this book is to collect most algorithms for
simultaneous inclusion of complex polynomial zeros which have appeared over the last
fifteen years and to get the reader introduced to a new, growing and usable brunch of
applied mathematics. The book is intended as a tex and reference work for scientists,
engineers and physicists who are interested in new development and applications, but
the presented material is also suitable to anyone with a standard graduate level course
in mathematical sciences with some knowledge of computer programming.

Mainly new methods are presented developed over the last years, including a lot of
very recent results by the authors some of which have not been published before. The
book is both a text and a reference source for mathematicians, engineers, physicists,
and computer scientists who are interested in new developments and applications, but
material is also accessible to anyone with graduate level mathematical background and
some knowledge of basic computational complex analysis and programming.


