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The aim of this monograph is to present for-
mulas and methods developed using complex
interval arithmetic. While most of numerical
methods described in the literature deal with
real intervals and real vectors, there is no sys-
tematic study of methods in complex interval
arithmetic. The book fills this gap. Several
main subjects are considered: outer estimates
for the range of complex functions, especially
complex centered forms, the best approxima-
tions of elementary complex functions by disks,
iterative methods for the inclusion of polyno-
mial zeros including their implementation on
parallel computers, the analysis of numerical
stability of iterative methods by using complex
interval arithmetic and numerical computation
of curvilinear integrals with error bounds.

Mainly new methods are presented devel-
oped over the last years, including a lot of very
recent results by the authors some of which
have not been published before. The book is
both a text and a reference source for mathematicians, engineers, physicists, and com-
puter scientists who are interested in new developments and applications, but material
is also accessible to anyone with graduate level mathematical background and some
knowledge of basic computational complex analysis and programming.

Contents: Interval arithmetic, Circular complex inclusion forms, Best approxima-
tions by disks, Inclusion of polynomial zeros, Simultaneous inclusion of complex zeros,
Improved inclusion methods for polynomial complex zeros, Parallel implementation of
inclusion methods, Numerical stability of iterative processes, Numerical computation of
curvilinear integrals
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Excerpt from Preface of the monograph
“Complex Interval Arithmetic and Its Applications”

(Wiley-VCH, Berlin 1998)

Anyone using arithmetic of finite precision on digital computers has come across
the impact of rounding error and propagated error. These errors appear as a result of
uncertain initial data, finite representation of numbers in arithmetic units of computing
machines or uncertain values of parameters in mathematical models in physical and engi-
neering sciences, or as consequences of inaccurate measurements in various experiments.
When solving computational problems in many similar situations, we should compute
intervals which contain the approximate result or the solution of some equation, pro-
viding in this way the upper error bound related to the exact result or solution. The
considerable amount of the applied procedure is aimed at improving the approximate
result and also to give error bounds for the improved approximation.

The calculations in ordinary floating point arithmetic do not normally produce any
information about the accuracy of the obtained result. In order to provide such infor-
mation R. E. Moore has proposed in 1966 a new structure which has come to be called
interval analysis or, later, interval mathematics. Most of the above problems can be
solved using the methods of interval mathematics – a new, expanding and applicable
branch of applied mathematics. Since the appearance of Moore’s monograph Inter-
val Analysis (1966), interval methods have undergone a remarkable development. At
present, these methods have practical application to various scientific areas including
physical and engineering science, the study of the behaviour of mathematical models as
sensitivity analysis, effects of inaccurate measurements, parameter studies, then math-
ematical programming, numerical analysis, approximation and optimization theory and
other disciplines. Generally speaking, interval arithmetic methods can be usefully ap-
plied to any computation in the presence of roundoff error or propagation error in initial
data or for controlling computational errors in various numerical algorithms implemented
on digital computers.

In practice, the resulting intervals may be very large in size and, therefore, of little
value. The aim of interval methods is to modify the existing numerical algorithms or to
develop new ones that produce intervals as small as possible. Although interval tech-
niques do not always produce good results, interval methods are a useful tool in applied
mathematics, which is especially prominent in controlling and analyzing computational
error, constructing self-validated algorithms with guaranteed safe bounds (upper and
lower bounds on sets of solution or computed result), and in providing natural stopping
criteria for iterative methods.

In particular, error bound procedures for solving certain problems in the complex
realm require complex interval arithmetic. This type of arithmetic is the natural exten-
sion of real interval arithmetic to the complex plane. There are two reasonable choices
for complex intervals: circular regions (disks) and rectangles in the complex plane. When
complex intervals are used, then the computed complex intervals (disks or rectangles)
contain the exact results of some computation or the exact solution of an equation. The
center of this interval is taken for the approximate result and the radius (semidiagonal)
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of disk (rectangle) presents the upper error bound. In this manner the automatic control
of accuracy of the obtained result is provided, which is the main advantage of interval
methods.

The aim of this book is to present formulas and methods developed using complex
interval arithmetic. One of the motivations for such a subject matter lies in the fact
that most of numerical methods described in the literature deal with real intervals and
real interval vectors, and there is no systematic study of methods in complex inter-
val arithmetic. In this book several main subjects are considered: outer estimates for
the range of complex functions, especially complex centered forms, the best approxima-
tions of elementary complex functions by disks, iterative methods for the inclusion of
polynomial zeros including their implementation on parallel computers, the analysis of
numerical stability of iterative methods by using complex interval arithmetic and numer-
ical computation of curvilinear integrals with error bounds. Two of the mentioned topics
have already been considered in the book Computer Methods for the Range of Functions
(1984) by Ratschek and Rokne (circular centered form for the range of functions) and
in the book Iterative Methods for Simultaneous Inclusion of Polynomial Zeros (1989)
by the first author of this book (simultaneous methods for the inclusion of polynomial
zeros), so that the results belonging to these topics are given only in brief. Besides, our
intention is to present mainly new methods developed over the last years using complex
interval arithmetic. Therefore, the book is not a complete representation of all possible
applications of complex interval analysis. It includes a lot of the authors’ own results
but also the related work by other researchers.

The book consists of nine chapters divided into sections. Almost all chapters begin
with a short description of the considered problems. In most chapters that treat numer-
ical methods, numerical examples are included. These examples were realized on PC
Pentuim in double precision arithmetic (about 16 significant digits) and on Micro VAX
3400 computer in quad-precision arithmetic (about 33 significant digits).


