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Comments on the Basto–Semiao–Calheiros
root finding method q
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Abstract

In the recent paper [M. Basto, V. Semiao, F.L. Calheiros, A new iterative method to compute nonlinear equations,
Appl. Math. Comput. 173 (2006) 468–483] a new cubically convergent iterative method for solving nonlinear equations
was proposed. In this paper we give some comments that point to significant similarity of the proposed method to the clas-
sic Euler–Chebyshev method and discuss the efficiency of the new method in a comparison procedure involving five other
third order methods with similar structure. Five numerical examples (four of them used in the cited paper) showed that the
convergence behavior of the new method is equal or worse than competitive tested methods. Some comments on iterative
methods involving the third derivative are also exposed.
� 2006 Elsevier Inc. All rights reserved.
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1. The cubic methods

Very recently (2006) Basto et al. [4] proposed a new iterative method of the third order for solving nonlinear
equation f(x) = 0. Their method (BSC method in the sequel) is based on the results of Abbasbandy [1] on
improving the Newton–Raphson method and on the proposals of Babolian and Biazar concerned with Ado-
mian’s decomposition method [2]. The BSC method has the form

xkþ1 ¼ xk �
f ðxkÞ
f 0ðxkÞ

� ½f ðxkÞ�2f 00ðxkÞ
2½f 0ðxkÞ�3 � 2f ðxkÞf 0ðxkÞf 00ðxkÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

dk

ðk ¼ 0; 1; . . .Þ: ð1Þ

The first impression is that the iterative formula (1) rather resembles the well-known Chebyshev method of
the third order:

xkþ1 ¼ xk �
f ðxkÞ
f 0ðxkÞ

� ½f ðxkÞ�2f 00ðxkÞ
2½f 0ðxkÞ�3

ðk ¼ 0; 1; . . .Þ: ð2Þ
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Remark. Bodewig [6] attributes (2) to Euler [8]. Note that in the Russian literature the iterative formula (2) is
ascribed to Chebyshev who wrote (in 1837 or 1838) a student paper entitled Calcul des racines d’une équation.
For this reason, nowadays the method (2) is most frequently referred as Euler–Chebyshev’ method.

The both iterative methods (1) and (2) have the cubic convergence and differ only in additional term
dk = 2f(xk)f 0(xk)f00(xk) appearing in (1). The aim of this note is to answer the two questions:

(1) Does the mentioned term dk improve the convergence of Chebyshev’s method (2)?
(2) Is the BSC method better in comparison with other methods possessing the cubic convergence?

Regarding the point (2) we note that the comparison of the BSC method was performed in [4], but with the
quadratically convergent Newton–Raphson method and the schemes of Adomian, Babolian and Abbasbady
that have different structures. According to numerical experiments the authors conclude that the new method
(1) behaves equal or better than the other methods and it is the best alternative to the Newton–Raphson
method to solve nonlinear equations.

However, the comparison of the BSC method with the cubic methods that have similar structure was not
considered. To our opinion, without such experimental procedure it is not possible to estimate quite correctly
the rank of the proposed BSC method among the existing methods of the same type and the same convergence
order.

Aside from the Chebyshev method (2), in our comparison procedure we will include the following methods
of the third order.

Halley’s method, [5,7,12,13]:

xkþ1 ¼ xk �
f ðxkÞ

f 0ðxkÞ � f ðxkÞf 00ðxkÞ
2f 0ðxkÞ

ðk ¼ 0; 1; . . .Þ: ð3Þ

Laguerre’s method, [9,10, p. 305]:

xkþ1 ¼ xk �
mf ðxkÞ

f 0ðxkÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm� 1Þ2f 0ðxkÞ2 � mðm� 1Þf ðxkÞf 00ðxkÞ

q ðk ¼ 0; 1; . . . ; m 6¼ 0; 1Þ: ð4Þ

Ostrowski’s method, [9,10]:

xkþ1 ¼ xk �
f ðxkÞ=f 0ðxkÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� f ðxkÞf 00ðxkÞ
f 0ðxkÞ2

q ðk ¼ 0; 1; . . .Þ: ð5Þ

The Newton-secant method, [13, p. 184]:

zk ¼ xk �
f ðxkÞ
f 0ðxkÞ

; xkþ1 ¼ zk � f ðzkÞ
xk � zk

f ðxkÞ � f ðzkÞ
ðk ¼ 0; 1; . . .Þ: ð6Þ

2. Comparison analysis

We tested the iterative methods (1)–(6) on many examples of algebraic polynomials and transcen-
dent functions, five of them f1(x), . . ., f5(x) are given in Table 1. Examples 1–4 were presented in
[1,3,4], where the authors used them to demonstrate the improved convergence and efficiency of the
BSC method (1). Example 5 was added to illustrate the convergence behavior of the tested methods
in the case of a polynomial with relatively high degree (compared with those given in Examples 1
and 3).

We displayed in Table 1 the entries of jfm(xk)j (m = 1, . . ., 5) calculated by applying the iterative methods
(1)–(6) using the software Mathematica 5.0 in multiple precision arithmetic.
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Some comments and explanations concerned with data from Table 1 are given below:

a – After only two iterations (for x0 = � 1) the Ostrowski method and the Newton-secant method compute
the exact zero f = �2 with arbitrary high precision. For this reason, in this particular case we took
x0 = �1.1 for the comparison purpose.

b – The stoping criterion for Example 5 was given by jf5(xk)j < 10�20. The necessary number of iterations is
given in the column ‘‘Example 5.’’ For Examples 1–4 we give the entries jfm(x4)j (m = 1,2,3,4) obtained
after four iterations.

c – Starting with x0 = 0, the Ostrowski method does not converge to the zero f = 1, but does converge to the
other (complex) zero f 0 = 0.013638... � i0.164594... after 5 iterations. We recall that methods of square-
root type (as Ostrowski’s, Laguerre’s) can find a complex zero in the vicinity of the starting point
x0 ð2 RÞ; for example, if jf(x0)j is not small enough (see Figs. 1 and 2 and formulae (4) and (5)).

d – The wanted zeros of the tested functions f1, . . ., f5 are �2, 2.1200282389. . ., 0.3459548158 . . .,
�0.4589622675 . . ., 1, respectively.

e – The bold values point to the method that produced the highest accuracy expressed by jfm(xk)j.

From Table 1 we can also observe the following:

• None example demonstrated the highest accuracy of the BSC method.
• The BSC showed the worst results in Examples 1–3 and 5, thus in the case of three (among four) examples

already tested in [4].
• Competitive Chebyshev’s method (2) was better than (1) in four examples (except Example 4).

From a number of tested polynomial and transcendent equations, not presented here, we have found that
the new BSC method showed equal efficiency (compared with the other listed methods (2)–(6)) only in few
examples, and very seldom it was among the best ones.

Table 1
The entries of jfm(xk)j
Iterative method Example 1 Example 2 Example 3 Example 4 Example 5b

x3 + 4x2 + 8x + 8 x � 2 � e�x x2 � (1 � x)5 ex � 3x2 x � (1 � x)20 � 1
x0 = �1 x0 = 2 x0 = 0.2 x0 = 0 x0 = 0

BSC 1.03(�12) 3.98(�144) 4.80(�49) 7.65(�47) 1.31(�22) 13
Chebyshev 2.47(�20) 1.42(�151) 8.85(�76) 8.11(�13) 4.10(�36) 7
Halley 1.63(�32) 1.80(�147) 6.42(�87) 4.64(�22) 1.83(�156) 3
Laguerre 1.18(�35) 6.74(�145) 1.91(�54) 8.19(�58) 4.37(�52) 8
Ostrowski 1.53(�26)a 1.02(�145) 3.68(�58) 5.31(�42) 1.07(�61)c 5
Newton-secant 3.41(�54)a 9.44(�176) 1.59(�60) 5.93(�21) 3.22(�96) 3

0.5 1 1.5 2

-30

-25

-20

-15
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Fig. 1. Graph of function f5(x) = x � (1 � x)20 � 1.
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3. Another comments

Let

uðxÞ ¼ f ðxÞ
f 0ðxÞ ; AmðxÞ ¼

f ðmÞðxÞ
m!f 0ðxÞ :

The first few terms of the basic Schröder sequence are given by

E2ðxÞ ¼ x� uðxÞ;
E3ðxÞ ¼ E2ðxÞ � A2ðxÞuðxÞ2;
E4ðxÞ ¼ E3ðxÞ � ½2A2ðxÞ2 � A3ðxÞ�uðxÞ3; etc:

ð7Þ

(see [12,13, p. 84]). From the theory of iterative processes it is known that the order of convergence of the iter-
ative method xk+1 = Em(xk) is m. It is easy to show by developing into a geometric series and comparing with
the basic Schröder sequence E3 that the use of any additional term of the form

d̂k ¼ f ðxkÞRðf 0ðxkÞ; f 00ðxkÞÞ
in

xkþ1 ¼ xk �
f ðxkÞ
f 0ðxkÞ

� ½f ðxkÞ�2f 00ðxkÞ
2½f 0ðxkÞ�3 � d̂k

ðk ¼ 0; 1; . . .Þ ð8Þ

yields an iterative formula of the third order. Here R(f 0(xk), f 00(xk)) denotes a rational function of f 0 and f 00

evaluated at the point x = xk. In particular, d̂k ¼ dk ¼ 2f ðxkÞf 0ðxkÞf 00ðxkÞ gives the BSC method, while
d̂k ¼ 0 leads to Chebyshev’s method (2). Obviously, the iterative method (2) is slightly simpler than the
BSC method (1). Moreover, according to numerical results presented in Table 1 we observe that the BSC
method has not advantage compared to the other tested methods, including Chebyshev’s method (2).

Beside the third order BSC method (1), two iterative methods based on Adomian’s modified method were
developed in [4]. These methods use a given function f and its derivatives f 0, f 00 and f 000, calculated at the point
x = xk. Their computational costs are rather high; even worse, the convergence remains three, as in the case of
the method (1). Recalling the fact that suitable use of first m derivatives can lead to the construction of an
iterative method of the order m + 1, the following question arises: Is it possible to choose the additional term

d̂k in (8) to produce an iterative method of the fourth order? The answer is affirmative; taking

0.5 1 1.5 2

-1

-0.5

0.5

1

Fig. 2. The distribution of zeros of the function f5.
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d̂k ¼ 2f ðxkÞ f 0ðxkÞf 00ðxkÞ �
�
f 0ðxkÞ

�2
f 000ðxkÞ

3f 00ðxkÞ

 !

in (8), we obtain the iterative method with the order of convergence four

xkþ1 ¼ xk �
f ðxkÞ
f 0ðxkÞ

� ½f ðxkÞ�2f 00ðxkÞ
2½f 0ðxkÞ�3 � 2f ðxkÞ f 0ðxkÞf 00ðxkÞ � ½f

0ðxkÞ�2f 000ðxkÞ
3f 00ðxkÞ

� � : ð9Þ

The proof is simple: by developing denominator of (9) into a geometric series and short rearrangement, we
obtain a scheme that coincides with E4 given by (7). The iterative formula (9), although relatively cumbersome,
is still simpler than the iterative formulae involving f 000 proposed in [4]. We note that the omission of the sec-
ond term in the parenthesis in (9) leads to the BSC method (1).

The speed of convergence of the method (9) was demonstrated in Examples 1–5 and the results are given in
Table 2. We observe significant acceleration of convergence not only compared with the BSC method but also
with other tested methods (compare with Table 1).

Finally, let us point to the following fact of importance in constructing iterative processes. Starting from the
iterative formulas (2)–(5) and applying a suitable substitution procedure described in [11], it is possible to con-
struct iterative methods of the fourth order for the simultaneous determination of all n zeros of a given poly-
nomial P � f of degree n. For example, starting from (2) two kinds of substitutions generate the fourth order
simultaneous methods of Chebyshev’s type,

ẑi ¼ zi �
W i

1þ G1;i
1� W iG2;i

ð1þ G1;iÞ2

 !
ði ¼ 1; . . . ; nÞ

and

ẑi ¼ zi �
1

2ðd1;i � S1;iÞ
3þ

d2;i � d2
1;i þ S2;i

ðd1;i � S1;iÞ2

" #
ði ¼ 1; . . . ; nÞ:

In the above formulas zi and ẑi are the current and new approximations, respectively, and

W i ¼
P ðziÞQn

j¼1
j 6¼i
ðzi � zjÞ

; Gm;i ¼
Xn

j¼1
j 6¼i

W j

ðzi � zjÞm
;

dm;i ¼
P ðmÞðziÞ

P ðziÞ
; Sm;i ¼

Xn

j¼1
j 6¼i

1

ðzi � zjÞm
ðm ¼ 1; 2Þ:

On the other hand, it is not possible to construct a higher order simultaneous method starting from the BSC
method (1).

4. Conclusion remarks

Taking into account the presented comparative analysis based on numerical examples (four of five given by
the authors in [4]), the exposed advantages and disadvantages, the possibility of the construction of some effi-
cient methods and other comments, we conclude that the aforementioned arguments naturally lead to the
question of the necessity of (i) the additional term dk in (1) and (ii) the construction of a new method having

Table 2
The entries of jfm(xk)j obtained by the method (9)

Example 1 Example 2 Example 3 Example 4 Example 5
x3 + 4x2 + 8x + 8 x � 2 � e�x x2 � (1 � x)5 ex � 3x2 x � (1 � x)20 � 1
x0 = � 1 x0 = 2 x0 = 0.2 x0 = 0 x0 = 0

4.66(�66) 2.61(�459) 8.43(�174) 1.41(�68) 1.34(�21) 8
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in mind the already existing Chebyshev method with respectable convergence characteristics and rather similar
form.
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