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Ljiljana D. Petković a,*, Miodrag S. Petković b
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Abstract

In this note we present some comments on the recent results concerning iterative methods for solving nonlinear equa-
tions. In the first part we compare a new method [N. Ujević, A method for solving nonlinear equations, Appl. Math. Com-
put. 174 (2006) 1416–1426] with the Newton and Ostrowski method, including an extensive analysis of numerical results
together with the choice of initial approximations, and the computational efficiency of the considered methods. In the sec-
ond part we give a list of recently derived root-finding methods and we study the question of priority; namely, we find out
that all reviewed methods were already derived at the beginning of the 60s of the last century, one of them dates from the
18th century. Some remarks on the comparison analysis and the application of iteration methods are included.
� 2006 Elsevier Inc. All rights reserved.
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The construction of numerical methods for solving nonlinear equations is a particularly interesting and
attractive task in numerical mathematics and applied scientific branches, which has attracted the attention
of many authors for more than four centuries. During the last five or six years, numerous papers devoted
to iterative methods for solving nonlinear equations has appeared in various journals. Among them, there
is a specific collection of papers concerned with multi-point iterative methods. This collection contains meth-
ods that are efficient and methods that are original. Unfortunately, those which are efficient are not original
and those which are original are not efficient. The aim of this note is to give some comments on such methods.

Among many important and original contributions in mathematics, it is not seldom that some known
results or methods are rediscovered. For illustration, we refer to the recent paper [16] where it was shown that
even seven classes of iteration methods for solving nonlinear equations, constructed in various manners and
expressed in different forms during the last 35 years, are mutually equivalent. The other class of nonprogres-
sive results is related to the design of root-finding methods which have an original form but offer slight or none
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advance in the topic. The comments of the aforementioned subjects are the main goal of this note. The end of
every comment is denoted by h.

A part of this paper is devoted to the comparison of iteration methods for solving nonlinear equations.
Some authors draw a conclusion on the superiority of a specific method only on the basis of numerical results
of (most frequently) few examples, which is not sufficient justification. In general, the mutual comparison of
two or more root finding methods should take into account their convergence orders, computational costs,
asymptotic error constants, the dependence of convergence on the choice of initial approximations, the stabil-
ity properties, and so on. The study of some of the mentioned features is often complicated so that the com-
parison procedure is usually reduced to (i) the analysis of computational efficiency and (ii) numerical results
obtained by testing a huge number of equations of various type. In essence, the following principle should be
applied: method A is superior than method B if A attains the same accuracy of approximations as B but has less

computational costs (expressed, say, by the total CPU (central processor unit) time, or by the total number of
function evaluations). It is assumed that ‘‘pathological’’ examples (meaning the choice of ‘‘awkward’’ func-
tions or very inconvenient initial approximations) should be neglected. An example of this type is shown in
Fig. 2 – the initial unsuitable guess x0 = 3 leads to the overshooting the sought zero n = 0 applying Newton’s
method. In what follows, we will demonstrate the described comparison procedure.

An interesting approach in constructing iteration methods for solving nonlinear equations f(x) = 0 is based
on quadrature rules (approximate integration). Such a method was recently derived by Ujević [23] in the pre-
dictor–corrector form
zk ¼ xk � a
f ðxkÞ
f 0ðxkÞ

ð0 < a 6 1Þ; ð1Þ

xkþ1 ¼ xk þ 4ðzk � xkÞ
f ðxkÞ

3f ðxkÞ � 2f ðzkÞ
ðk ¼ 0; 1; . . . ; Þ; ð2Þ
starting from an initial approximation x0 to the zero of f. To our knowledge, the above method is new.
In this note we will also consider the classic Newton method given by the iteration function (IF for brevity)
/NðxÞ ¼ x� f ðxÞ
f 0ðxÞ ¼ x� uðxÞ; ð3Þ
where u(x) = f(x)/f 0(x) is the Newton correction. From (1) and (2) we obtain Ujević’s IF
/UðxÞ ¼ x� 4auðxÞ � f ðxÞ
3f ðxÞ � 2f ðx� auðxÞÞ : ð4Þ
The subscript indices ‘‘N’’ and ‘‘U’’ in (3) and (4) stand for Newton and Ujević [23], respectively.
Following Traub’s terminology [22], the combined methods of the type (1) and (2) are often called multi-

point iteration methods generated by composition. In the second part of this note we will discuss several two-
point methods developed recently. For the sake of comparison, we now select the two-point Ostrowski method
/OðxÞ ¼ x� uðxÞ � f ðx� uðxÞÞ � f ðxÞ
2f ðx� uðxÞÞ � f ðxÞ ðOstrowski’s IF; ½14; p: 253�Þ ð5Þ
of the fourth order. The subscript index ‘‘O’’ refers to Ostrowski. We take this method to demonstrate that
methods with the same informational usage (for instance, new function evaluations) can posses considerably
different convergence speeds.

Comment 1. The order of convergence of the method (4) was not given in [23]. Actually, the determination of
its convergence order leads to the choice of the optimal value of parameter a. Indeed, let n be a simple zero of a
given function f and let f 00(n) 5 0. From (4) find
/UðnÞ ¼ n; /0UðnÞ ¼
1� 2a
1þ 2a

; /00UðnÞ ¼
4að1þ 2a� 2a2Þ
ð1þ 2aÞ2

f 00ðnÞ
f 0ðnÞ :
The iteration method (4) will have at least quadratic convergence only if /0UðnÞ ¼ 0, that is, for a = 1/2. For

this specific value of a one obtains /00UðnÞ ¼
3f 00ðnÞ
4f 0ðnÞ 6¼ 0, which means that the convergence order of the two-step

method (4) cannot be greater than 2. h



Table 1
Results of numerical experiments; the term div points to the divergence and (�h)k means that jf(xk)j = O(10�h) in the kth iteration

i fi(x) x0 j/0Nðx0Þj U N O

1 s = 10�10 x1/3 1 2 (�11)19 div (�11)305

2 s = 10�10 1/x � 1 2.7 3.4 (�16)6 div 1*

3 s = 10�10 e1�x � 1 3 6.39 (�12)5 (�16)10 (�27)4

4 s = 10�10 ex2þ7x�30 � 1 2.8 12.086 (�13)7 (�16)16 (�24)5

3.2 0.992 (�16)8 (�27)8 (�43)4

5 s = 10�10 1/x � sinx + 1 �1.3 3.03 (�20)6 (�18)25 (�34)3

6 s = 10�20 x � 1 � (1 � x)20 3 0.95 (�22)17 (�28)19 (�64)9

7 s = 10�15 x40 + x39 � 2 1.5 0.975 (�19)21 (�23)21 (�19)9

8 s = 10�10 1
2 logðx2 þ 1Þ � sin 100x

x 2 9.22 div (�14)55 (�14)5

9 s = 10�20 x2ex2 � sin2 xþ 3 cos xþ 5 �3 1.95 (�29)13 (�27)14 (�28)6

10 s = 10�15 ðx15 þ 1Þex2�1 1.3 0.978 div (�16)164 (�21)38
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In the sequel we will always assume a = 1/2 in (4), providing the quadratic convergence of Ujević’s IF.
According to the results of five numerical examples given in [23], it was concluded in [23] that the proposed

method (4) gives better results than some existing methods, for example, the Newton method. We list these
examples (1)–(5) in Table 1, including the initial approximations x0 and the absolute entries of the first deriv-
ative of the Newton IF j/0Nðx0Þj ¼ jf ðx0Þf 00ðx0Þ=f 0ðx0Þ2j, calculated at the point x0. Table 1 also contains five
additional examples and again example 4 with the initial approximation 3.2 instead of 2.8. The stopping cri-
terion is given by jf(xk)j < s, where the tolerance s is displayed in the first column. The considered methods
were realized by the programming package Mathematica 5.0 in multiple-precision arithmetic.

Comment 2. Is the two-step method (4) really superior than the Newton method (3)? The Newton method
requires two evaluations of functions (f(xk), f 0(xk)), while the method (4) needs one evaluation more (f(zk),
zk = xk � af(xk)/f 0(xk)). Calculating (roughly) the computational efficiency by Ostrowski’s formula [14]
Eð/Þ ¼ r1=d ; ð6Þ
where r is the order of convergence and d is the total number of new function evaluations (per iteration), we
obtain
Eð/NÞ ¼ 21=2 � 1:414 > Eð/UÞ ¼ 21=3 � 1:26: ð7Þ
Therefore, Newton’s method (3) is more efficient than Ujević’s method (4).
It remains to compare numerical results. The initial approximations associated to the corresponding

functions f1, . . . , f5 (Table 1) tested in [23], are mainly well adjusted for the method (4) but not for the Newton
method (3). Moreover, some of these examples (in particular, f1(x) = x1/3 [11, p. 68]) are sometimes taken in
the literature to demonstrate a bad convergence behavior of Newton’s method outside the domain of local
convergence. The overshooting problem appears in all five examples (see Comment 4). Observing the fourth
column of Table 1, we note that the sufficient condition j/0Nðx0Þj < 1 (stressed in bold) for the convergence of
Newton’s method was not satisfied in the case of functions f1, . . . , f5. For this reason, the dominant behavior of
the method (4) in relation to the Newton method is nearly expected.

To examine the proper convergence behavior of both methods (3) and (4) in numerical experiments, we
tested about 200 algebraic and transcendental functions of various types, many of them taken from the
respective literature. For illustration, we added the functions f6, . . . , f10 in Table 1 and displayed the graph of f8

in Fig. 1 for its attractive shape. The determination of zeros of f8 is challenging and relatively difficult task, see
the corresponding row in Table 1. Solving the equation f4(x) = 0 with a new initial approximation x0 = 3.2
instead of 2.8, the value of j/0Nðx0Þj ð¼ 0:992Þ is significantly decreases and the Newton method becomes
superior than (4).

The method (4) is still ‘‘faster’’ than the Newton method for f6 and f9, but the situation turns in finding
zeros of the functions f7, f8 and f10. Moreover, the method (4) diverges in solving the equations f8(x) = 0 and
f10(x) = 0. The comparison analysis of (3) and (4) carried out by testing 200 functions showed statistically that
the two-step method (4) produced (I) better approximations in approximately 50% of the examples, and (II)
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Fig. 1. The graph of the function f ðxÞ ¼ 1
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logðx2 þ 1Þ � sin 100x
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comparable or worse results in the rest, depending on the type of function and the choice of initial
approximations. In the first case (I), when Ujević’s method (4) gave closer approximations, it should be noted
that the total number of all function evaluations applying (4) is often greater than in the case of Newton’s
method (3) (e.g., for f6 and f9). Taking into account these numerical results and the fact that the Newton
method (3) possesses higher computational efficiency than (4), we cannot reliably conclude which of the two
compared methods is superior. h

Comment 3. The goal of this part is the comparison of the iteration functions /U (a = 1/2) and /O, given
respectively by (4) and (5). They both have a similar form and both require three function evaluations per
one iteration. We calculate their computational efficiencies by (6) and obtain
Eð/OÞ ¼ 41=3 � 1:587 > Eð/UÞ ¼ 21=3 � 1:26: ð8Þ

Besides the higher computational efficiency, the Ostrowski method (5) produces better approximations than
(4) always when the convergence conditions of Newton’s method are not too bad, see Table 1 and Comment
4. Since the method (5) directly uses Newton’s approximations, the divergence or too slow convergence of
Newton’s method can slow down or even destroy the convergence of the method (5) in some extreme cases.
Numerical examples showed that the Ostrowski method (5) overcomes this obstacle in most cases. It is inter-
esting to note that this method gives the exact zero n = 1 of f2 at the first iteration (marked by 1* in Table 1)
for arbitrary initial approximation x0 5 0, although Newton’s method diverges. The explanation lies in the
fact that /O(b) = 1 (the exact zero) for arbitrary b 5 0.

Altogether, taking into account considerably higher computational efficiency of Ostrowski’s method and the
superior convergence behavior of (5) in most examples, we conclude that Ostrowski’s method (5) is significantly
better than the combined methods (4). This outcome is quite expected since the method (5) attains the order of
convergence four using the same number of function evaluations (three per iteration) as the method (4). h

Comment 4. Applying Newton’s method (3) or the multi-step methods which directly use Newton’s approx-
imations (for instance, the Ostrowski method (5) and several methods presented below), there is a danger that
the sought zero to be overshot if the initial approximation is too far from the range of convergence. For more
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Fig. 2. The overshooting problem of Newton’s method; f(x) = arctanx, x0 = 3.
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details on this topic see the book [21]. Besides the function f1(x) = x1/3 given in Table 1, another typical exam-
ple is the equation f(x) � arctanx = 0 with the initial approximation x0 = 3, see Fig. 2. This example was pre-
sented in [10] to demonstrate that only the proposed two-step method (9) converges, while all other tested
methods are divergent. However, this method uses the predictor IF /(x) = x + f(x)/f 0(x) instead of Newton’s
IF /N(x) = x � f(x)/f 0(x). These inconvenient difficulties could be also overcome by the modified Newton IF
/ðbÞN ðxÞ ¼ xþ bf ðxÞ=f 0ðxÞ. Unfortunately, a proper choice of b depends on the particular function and initial
approximation, so that this approach does not solve the overshooting problem in general. h

As mentioned at the beginning, in recent years a number of authors have studied iterative methods for solv-
ing nonlinear equations; for instance, [1,5,7,8,10,13,15,23,24]. In the first part of this paper, we have discussed
one original method with small computational efficiency. Contrary to that, we will now give several comments
on some efficient methods that, however, are not original. Although most of them deserve the attention
because of their original derivation, they can be regarded only as rediscovered methods. In a certain sense,
our comments are devoted to the question of priority.

Comment 5. The third order method
xkþ1 ¼ xk �
f ðxk þ f ðxkÞ=f 0ðxkÞÞ � f ðxkÞ

f 0ðxkÞ
ð9Þ
was proposed by Kou et al. [10]. This method is a special case of a one-parameter family given by the third
order IF
/ðxÞ ¼ x� b2 � b� 1

b2
uðxÞ � 1

b2

f ðxþ buðxÞÞ
f 0ðxÞ ðb 6¼ 0; uðxÞ ¼ f ðxÞ=f 0ðxÞÞ; ð10Þ
which is obtained for b = 1. The IF (9) is referred to as (8)–(60) in Traub’s book [22, p. 181]. h

Comment 6. The third order method
xkþ1 ¼ xk �
f ðxkÞ

2

1

f 0ðxkÞ
þ 1

f 0ðxk � f ðxkÞ=f 0ðxkÞÞ

� �
; ð11Þ
derived independently by Homeier [8] and Özban [15], is IF (9)–(30) obtained as a special case (b = �1) of
Traub’s one-parameter third order family (9)–(25) [22, pp. 198–199],
/ðxÞ ¼ x� 1þ 2b
2b

uðxÞ þ 1

2b
f ðxÞ

f 0ðxþ buðxÞÞ ðb 6¼ 0Þ: � ð12Þ
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Comment 7. The third order method
xkþ1 ¼ xk �
2f ðxkÞ

f 0ðxk � f ðxkÞ=f 0ðxkÞÞ þ f 0ðxkÞ
ð13Þ
proposed by Weerakoon and Fernando [24], is Traub’s method (8)–(14) presented in [22, p. 164]. h

Comment 8. The third order method
xkþ1 ¼ xk �
f ðxkÞ

f 0ðxk � f ðxkÞ=ð2f 0ðxkÞÞÞ
ð14Þ
was referred by Frontini and Sormany [5] to as a new method (see, also, [7,15]). In fact, this method was de-
rived by Traub [22, p. 164], IF (8)–(12). The iteration formula (14) also follows from (12) for b = �1/2. h

Comment 9. The third order method
xkþ1 ¼ xk �
f ðxk � f ðxkÞ=f 0ðxkÞÞ þ f ðxkÞ

f 0ðxkÞ
ð15Þ
can be found in the book [20]. This method entirely coincides with Traub’s (8)–(20), given in [22, p. 168]. It
also follows from the family (10) for b = �1. h

Comment 10. The third order method
xkþ1 ¼ xk þ
�f ðxkÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 0ðxkÞ2 � 2f ðxkÞf 00ðxkÞ

q
f 00ðxkÞ

ð16Þ
derived by Fang et al. [4], is actually very old method ascribed to Euler [3] and Cauchy [2, p. 581]. This method
can be easily derived by expanding f in Taylor series about the origin, dropping third and higher order terms,
and solving the obtained quadratic equation, c.f. Traub’s formula (5)–(27) in [22, p. 94]. From the computa-
tional point of view, the iterative formula (16) is most frequently transformed into the form
xkþ1 ¼ xk �
2f ðxkÞ

f 0ðxkÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 0ðxkÞ2 � 2f ðxkÞf 00ðxkÞ

q ð17Þ
and referred to as Euler’s method in the literature. If (17) is applied for finding complex zeros, then, as in the
case of Laguerre’s method [6,14], the argument of the square root is to be chosen to differ by less than p/2 from
the argument of f 0(zk) (see [6, p. 532]). We note that Euler’s method (17) was modified in [17] for the simul-
taneous determination of simple and multiple complex zeros of algebraic polynomials as well as for the simul-
taneous inclusion of polynomial zeros in circular complex arithmetic (see, also, [18,19]). Some authors call (17)
the irrational Halley method since the approximation

ffiffiffiffiffiffiffiffiffiffiffiffi
1� w
p

� 1� w=2 in (17) gives the well known Halley
method
xkþ1 ¼ xk �
f ðxkÞ

f 0ðxkÞ � f ðxkÞf 00ðxkÞ
2f 0ðxkÞ

: �
Comment 11. In connection with Euler’s iteration method (17), let us mention the two Euler-like methods with
the quadratic convergence
xkþ1 ¼ xk �
2f ðxkÞ

f 0ðxkÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 0ðxkÞ2 þ 4p3f ðxkÞ3

q ð18Þ
(see [12]) and
xkþ1 ¼ xk �
2f ðxkÞ

f 0ðxkÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 0ðxkÞ2 þ 4p2f ðxkÞ2

q ð19Þ
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(see [9]). In both formulas, p is a real parameter. There is a strong resemblance of (18) and (19) to Euler’s meth-
od (17). It seems that the optimal choice of the parameter p = [�f 00(xk)/(2f(xk)2)]1/3 in (18) and p = [�f 00(xk)/
(2f(xk))]1/2 in (19) reduce these iterative formulas to (17), increasing the order of convergence from 2 to 3. h

According to Comments 5–10 we conclude that all reviewed methods (9), (11), (13)–(16) were already pre-
sented in Traub’s book [22] (published in 1964) with the proofs of the cubic convergence. The Euler method
(17) dates from the 18th century. We conclude this paper with the remark that various choices of b in the fam-
ilies (10) and (12) can produce some ‘‘new’’ and old two-point methods.
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