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On a cubically convergent derivative-free root finding method
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Using a method for accelerating convergence and Weierstrass’ correction, a cubically convergent
method without derivatives for the simultaneous determination of polynomial zeros is derived. The
proposed method possesses approximately the structure of Halley’s method. Using the Gauss–Seidel
approach, the single-step method is outlined. Convergence analysis and computational aspects are
reported.
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1. Derivation of a cubically convergent method

Simultaneous methods for the determination of all (real or complex) zeros of a polynomial
appeared in the 1960s to overcome the difficulties of the successive removal of linear factors
(deflation) in the application of a method for finding a single zero. Their advantages led to
the rapid development of these methods in ordinary complex arithmetic and complex interval
arithmetic (inclusion methods). For more details, see the book [1]. The list of publications on
this topic is very extensive and can be found on McNamee’s web site [2].

The aim of this paper is to construct a new derivative-free method of high computational
efficiency for the simultaneous determination of polynomial zeros. We prove its cubic conver-
gence, propose the accelerated version and give some computational aspects from a practical
point of view. Other simultaneous derivative-free methods can be found in [3–12].

Let α be a simple zero of a function f . Let z and ẑ be two different approximations to the
zero α. The secant method for finding the zero α is given by

z∗ = z − ẑ − z

f (ẑ) − f (z)
f (z), (1)
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where z∗ is a new approximation to α. Assume that the approximation ẑ is determined by an
iterative method

ẑ = z − g(z). (2)

The order of convergence of this method can be increased by substituting ẑ from (2) into (1).
In this way we obtain the accelerated method

z∗ = z − g(z) · f (z)

f (z) − f (z − g(z))
= z − g(z) · 1

1 − [f (z − g(z))/f (z)] . (3)

Let P(z) = zn + a1z
n−1 + · · · + an be a monic polynomial of degree n with simple zeros

α1, . . . , αn and let z1, . . . , zn be their approximations. One of the most frequently used iter-
ative methods for the simultaneous approximation of polynomial zeros is the quadratically
convergent Weierstrass’ (or Durand–Kerner) method [5,7],

ẑi = zi − Wi, Wi = P(zi)∏n
j=1
j �=i

(zi − zj )
(i = 1, . . . , n).

Replacing g by Weierstrass’ correction Wi in (3) and setting f ≡ P , we obtain the following
method for the simultaneous determination of polynomial zeros:

ẑi = F(zi) := zi − Wi

1 − [P(zi − Wi)/P (zi)] (i = 1, . . . , n). (4)

2. Convergence theorem

In this section we state the convergence theorem for method (4).

THEOREM 2.1 If z1, . . . , zn are sufficiently close approximations to the zeros α1, . . . , αn, the
order of convergence of the iterative method (4) is three.

Proof In our proof we use the representation of a polynomial P by the Lagrange interpolation
for the points z1, . . . , zn

P (z) = Wi

∏
j �=i

(z − zj ) +
n∏

j=1

(z − zj )

⎛
⎝∑

j �=i

Wj

z − zj

+ 1

⎞
⎠ . (5)

For z = zi − Wi from (5) we obtain

P(zi − Wi) = −Wi

∏
j �=i

(zi − Wi − zj )
∑
j �=i

Wj

zi − Wi − zj

.

Taking into account that P(zi) = Wi

∏
j �=i (zi − zj ), we find

P(zi − Wi)

P (zi)
= −

∏
j �=i

(
1 − Wi

zi − zj

) ∑
j �=i

Wj

zi − Wi − zj

= −RiGi, (6)

where, for brevity,

Ri =
∏
j �=i

(
1 − Wi

zi − zj

)
, Gi =

∑
j �=i

Wj

zi − Wi − zj

.
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Let

a
(i)
j = Wi

zi − zj

. (7)

Then

Ri =
∏
j �=i

(1 − a
(i)
j ) = 1 +

n−1∑
k=1

(−1)kSk,i = 1 + Ti, (8)

where

Ti =
n−1∑
k=1

(−1)kSk,i and Sk,i =
∑

j1<j2<···<jk

a
(i)
j1

a
(i)
j2

. . . a
(i)
jk

(9)

is the symmetric function relative to a
(i)
j (j = 1, . . . , n; j �= i).

Using (6) and (8), from (4) we obtain

ẑi = zi − Wi

1 − [P(zi − Wi)/P (zi)] = zi − Wi

1 + RiGi

= zi − Wi

1 + (1 + Ti)Gi

= zi − Wi

(1 + Gi)(1 + [TiGi/(1 + Gi)]) . (10)

For two complex numbers a and b whose magnitudes are of the same order, that is |a| =
O(|b|), we will use the notation a = OM(b).

Let εi = zi − αi . According to the assumption of the theorem, the errors ε1, . . . , εn are
sufficiently small in magnitude. Let us assume that the errors ε1, . . . , εn are of the same
order of magnitude and let εi = OM(ε), where ε ∈ {ε1, . . . , εn} is the error such that |ε| =
max1≤k≤n |εk|.

Since Wi = OM(P (zi)) = OM(εi), from (7) and (9) we obtain

a
(i)
j = OM(ε), Sk,i = OM(εk), Ti = OM(ε), Gi = OM(ε). (11)

For this reason we can develop the expression 1/(1 + [TiGi/(1 + Gi)]) into a geometric
series,

1

1 + [TiGi/(1 + Gi)] = 1 − TiGi

1 + Gi

+ OM

(
ε4

)
. (12)

Having in mind (11) and (12) we return to (10) and find

ẑi = zi − Wi

1 + Gi

(
1 − TiGi

1 + Gi

+ OM

(
ε4

))

= zi − Wi

1 + Gi

+ WiTiGi

(1 + Gi)2
+ OM(ε5)

= zi − Wi

1 + Gi︸ ︷︷ ︸
Ni

+OM(ε3). (13)

Now we recall Nourein’s method [9]

ẑi = zi − Wi

1 + ∑
j �=i[Wj/(zi − Wi − zj )] = zi − Wi

1 + Gi

=: Ni (14)

for the simultaneous determination of all simple zeros of a polynomial, which is indicated by
Ni in (13). The order of convergence of method (14) is four [13]. Therefore, for this method
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we can write

Ni − αi = OM

(
ε4

)
.

According to this, we obtain from (13)

∣∣ε̂i

∣∣ = ∣∣ẑi − αi

∣∣ = O(|ε|3), (15)

since O(|ε|3) is the dominant term. The assertion of Theorem 2.1 follows from (15). �

Remark 1 Theorem 2.1 shows that the iterative method (4) possesses a cubic convergence,
without any discussion of the initial convergence conditions. In the spirit of Smale’s point
estimation theory [14] (see also [15–20]), the challenging problem of stating computationally
verifiable initial conditions is solved for method (4) in a forthcoming paper in the form of the
inequality

max
1≤i≤n

∣∣∣W(0)
i

∣∣∣ < cn min
1≤i,j≤n

i �=j

∣∣∣z(0)
i − z

(0)
j

∣∣∣ ,
where cn is a quantity depending only on the polynomial degree n. This initial condition
enables both guaranteed and fast convergence of the iterative method (4) and it has great
practical importance since it depends only on attainable data: polynomial coefficients, its
degree and initial approximations.

Remark 2 Carstensen [21] proved the following relation:

P ′(zi)

P (zi)
=

∑
j �=i

1

zi − zj

+
∑

j �=i[Wj/(zi − zj )] + 1

Wi

, (16)

from which

Wi = P(zi)

P ′(zi)
· 1 + ∑

j �=i[Wj/(zi − zj )]
1 − (P (zi)/P ′(zi))

∑
j �=i[1/(zi − zj )] = P(zi)

P ′(zi)
(1 + O(ε)).

Taking Wi ≈ P(zi)/P
′(zi) in (4) and using Taylor’s series we come to the approximation

P(zi − P(zi)/P
′(zi))

P (zi)

≈ P(zi) − P ′(zi)[P(zi)/P
′(zi)] + (1/2)P ′′(zi)[P(zi)/P

′(zi)]2

P(zi)

= P ′′(zi)P (zi)

2P ′(zi)2
,

which leads to the classic Halley method [22, p. 35]

ẑi = zi − P ′(zi)

P (zi)
· 1

1 − [P ′′(zi)P (zi)/2P ′(zi)
2] .

Therefore, the iterative method (4) has (approximately) the structure of Halley’s method.
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3. Acceleration of convergence

The convergence speed of the iterative method (4) can be accelerated using approximations
already calculated in the evaluation of Weierstrass’ correction (the Gauss–Seidel approach or
single-step mode), that is

W ∗
i = P(zi)∏

j<i(zi − ẑj )
∏

j>i(zi − zj )
.

In this way we obtain the single-step method

ẑi = zi − W ∗
i

1 − [P(zi − W ∗
i )/P (zi)] (i = 1, . . . , n), (17)

with the R-order of convergence in the interval (3, 4). We note that the increase of the conver-
gence speed is attained without additional numerical operations.All tested examples, including
Example 4.3 of section 4, show faster convergence in practice than the total method (4).

4. Computational aspects

Another derivative-free method of third order is the Börsch-Supan’s method [3],

ẑi = zi − Wi

1 + ∑n
j=1
j �=i

[Wj/(zi − zj )] (i = 1, . . . , n). (18)

According to (16), the iterative formula (18) is equivalent to

ẑi = zi − 1

[P ′(zi)/P (zi)] − ∑
j �=i[1/(zi − zj )] ,

which defines the third-order Ehrlich–Aberth’s method [23, 24].
Let us compare the number of numerical operations necessary per iteration for both meth-

ods (4) and (18). We presume that the Horner scheme is used for the evaluation of the given
polynomial and complex arithmetic operations are reduced to real arithmetic operations.

Let n be the degree of a given polynomial. The numbers of all operations (per iteration, for
n zeros) are denoted as follows: AS(n)—additions and subtractions, M(n)—multiplications,
and D(n)—divisions. Table 1 gives the number of operations for methods (4) and (18). From
table 1 we can see that the proposed method (4) requires fewer numerical operations than (18).
Therefore, the new method (4) has higher computational efficiency than the Börsch-Supan’s
method (18).

To demonstrate the convergence properties of the derivative-free method (4), we tested this
method for examples of many algebraic polynomials P(z) = a0z

n + a1z
n−1 + · · · + an−1z +

an. From these we select four examples.

Table 1. Number of operations

AS(n) M(n) D(n)

Proposed method (4) 12n2 + O(n) 12n2 + O(n) 6n

Börsch-Supan’s method (18) 15n2 + O(n) 14n2 + O(n) 2n2 + O(n)
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Example 4.1 The polynomial

P(z) = (z − 1)(z − 2)(z − 3)(z2 − 4z + 8)(z2 + 4z + 8)(z2 + 1),

with the zeros 1, 2, 3, ±i, ±2 ±2i and a1 = −6.

Example 4.2 The polynomial

P(z) =
12∏

k=1

(z − k) = z12 − 78z11 + · · · + 479 001 600

of Wilkinson’s type with real zeros 1, 2, . . . , 12 and a1 = −78. In both examples we have
started with Aberth’s initial approximations

z(0)
ν = −a1

n
+ r0 exp(iθν), i = √−1, θν = π

n

(
2ν − 3

2

)
(ν = 1, . . . , n)

(see Aberth [24]), choosing the large radius r0 = 15. In this way we start with rather rough
initial approximations equidistantly spaced on a circle with radius 15. We terminated the
iterative process when the stoping criterion

max
1≤i≤n

∣∣∣P(z
(m)
i )

∣∣∣ < τ = 10−12

was satisfied (m is the index of iteration). The simultaneous method (4) has the following form
for the iteration index m:

z
(m+1)
i = z

(m)
i − W

(m)
i

1 − [P(z
(m)
i − W

(m)
i )/P (z

(m)
i )] (i = 1, . . . , n; m = 0, 1, . . .), (19)

where W
(m)
i = P(z

(m)
i )/

∏
j �=i (z

(m)
i − z

(m)
j ).

The behaviour of the iterative method (19) for both polynomial equations is displayed
graphically in figures 1 and 2. The stopping criterion was satisfied after 15 iterations for the

Figure 1. Example 4.1: 15 iterations.
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Figure 2. Example 4.2: 17 iterations.

first polynomial and after 17 iterations for the second (Wilkinson’s) polynomial. Initially,
the method converges linearly but almost straightforwardly towards the exact zeros, show-
ing, in several final iterations, cubic convergence. In both cases, one can observe that the
approximations are radially distributed towards the target zeros.

Example 4.3 The convergence speed of the total-step method (19) and the single-step
method (17) was demonstrated using the example of the polynomial

P(z) = (z − 4)(z2 − 4)(z2 + 4)(z2 − 2z + 10)(z2 + 2z + 2).

Both methods started with the same initial approximations.
As a measure of the accuracy of the produced approximations, we calculated the norm

e(m) := ‖z(m) − ζ‖2 =
(

n∑
i=1

∣∣∣z(m)
i − ζi

∣∣∣2
)1/2

.

The entries e(m) (m = 1, 2, 3, 4) are given in table 2, where A(−q) indicates A × 10−q . In the
presented example for the initial approximations we have e(0) = 0.67.

We emphasize that the single-step method produces better results at no additional
computational cost.

Table 2. Norms of errors in the first four iterations.

e(1) e(2) e(3) e(4)

Total-step method (19) 0.084 2.30(−4) 6.67(−12) 7.9(−35)

Single-step method (17) 0.064 1.05(−4) 1.61(−14) 5.2(−46)
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Table 3. Absolute errors in the first four iterations

i |z(1)
i − αi | |z(2)

i − αi | |z(3)
i − αi | |z(4)

i − αi |
1 0.05981 8.504(−4) 8.299(−10) 2.862(−28)
2 0.02209 1.246(−4) 3.344(−11) 2.140(−30)
3 0.01225 2.603(−5) 7.471(−13) 6.848(−34)
4 0.02728 1.178(−4) 2.762(−11) 1.943(−30)
5 0.00477 4.972(−6) 3.659(−14) 1.857(−36)
6 0.01430 2.537(−5) 7.670(−13) 7.306(−34)
7 0.01812 5.709(−5) 5.816(−12) 6.535(−32)
8 0.01376 1.869(−5) 5.656(−13) 5.974(−34)
9 0.01910 1.358(−4) 6.637(−11) 1.377(−29)

10 0.02605 2.815(−5) 2.414(−12) 2.466(−32)
11 0.00894 1.816(−5) 6.428(−14) 6.945(−34)
12 0.01839 8.473(−5) 1.829(−11) 7.430(−31)

Example 4.4 To illustrate the convergence behaviour of method (19) we select another
example

P(z) = z12 − (2 + 5i)z11 − (1 − 10i)z10 + (12 − 25i)z9 − 30z8 − z4

+ (2 + 5i)z3 + (1 − 10i)z2 − (12 − 25i)z + 30,

with the zeros ±1, ±i, 2i, 3i, 1 ± 2i, ±√
2/2 ± i

√
2/2. The (absolute) errors

∣∣∣z(m)
i − ζi

∣∣∣
(i = 1, . . . , 12) for m = 1, 2, 3, 4 are given in table 3.

From tables 2 and 3 and a number of tested polynomial equations we can conclude that the
numerical results obtained using the simultaneous method (19) fit well the theoretical results
given in Theorem 2.1.

The iterative method (19), together with the Durand–Kerner method of the second order
(stated 1960), and the cubically convergent Ehrlich–Aberth method (1967) and the Börsch-
Supan method (1970), form a group of the simplest iterative methods for the simultaneous
determination of polynomial zeros regarding the total number of numerical operations. In
addition, these methods converge for almost all initial approximations (a conjecture that has not
yet been proved). Due to these advantages, these methods can be utilized as a constitutive part
of programming packages for finding polynomial zeros. Finally, we note that the derivative-
free method (19) has been applied for the construction of an efficient iterative method for the
inclusion of polynomial zeros [25].
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