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a b s t r a c t

An efficient method for finding an initial approximation to a real root of nonlinear equation
f ðxÞ ¼ 0 is proposed. The presented approach is based on numerical integration of the
transform functions tanh mðf ðxÞÞ; arctan mðf ðxÞÞ ðm > 0Þ and sgn ðf ðxÞÞ of sigmoidal type.
Combining numerical integration method and rapidly convergent iterative methods, we
construct a hybrid method of great efficiency. The introduced sigmoid-like functions are
also convenient for the detection of a cluster of zeros or a multiple zero lying in a given
interval. The presented numerical examples demonstrate the feasibility and efficiency of
the proposed procedures.

� 2008 Elsevier Inc. All rights reserved.

1. Introduction

Iterative methods for finding a simple real root n of a nonlinear equation f ðxÞ ¼ 0 demonstrate good convergence prop-
erties if the initial approximation x0 is reasonably close to the root n. The choice of a good initial approximation is particularly
important when a function f has improper behavior, for instance, f has inconvenient oscillations near the root or an extreme
slope on the interval containing the sought root. In many situations this problem can be overcome by using the recent result
[21] based on numerical integration of a sigmoid function Tðf ðxÞÞ obtained by a suitable transformation of f ðxÞ. The informa-
tion about the location of the root n of f is implicitly contained in the integral of Tðf ðxÞÞ, reducing the problem of the choice of
a proper initial approximation to numerical integration. For brevity, the method proposed in [21] will be denoted by NIM
(numerical integration method) throughout this paper. The main idea and the feasibility of NIM are discussed in Section 3.

The main advantages of NIM are:

(1) the possibility of obtaining relatively good approximation to the sought root in one step using numerical integration,
without iterating, and

(2) unlike many iterative methods, the applied procedure does not require sufficiently close initial approximation but
only an interval containing the root.

In Section 5 we show that NIM is very efficient when an initial approximation of high accuracy is needed. Unlike most
localization methods, in this application NIM does not require a good smoothness of the function f, nor reasonably tight
interval containing the isolated root.

However, numerical integration involves some constraints. Namely, if we wish to obtain the approximate root of
high accuracy, then it requires a lot of function evaluations making NIM less efficient compared to a number of iterative
methods. This topic is discussed in Section 4. It turns out that it is better to combine NIM (to find significantly good initial
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approximation) with a rapidly convergent iterative method (to obtain improved approximations of high accuracy). The study
and the implementation of such combined methods are one of the main objectives of this paper (Section 6).

In this paper we employ three kinds of sigmoid-like transform functions: S-transform, T-transform and A-transform,
based on the signum function, the tanh function and the arctan function, respectively. The S-transform is used because it
is simple and gives the best initial approximation. Unfortunately, since sgn ðf ðxÞÞ is a discontinuous function, some problems
can occur when numerical quadrature rule is employed. In such cases, very seldom in practice, we apply the T-transform or
the A-transform. The A-transform is a little less accurate than the T-transform, but is better suited for detecting clusters of
roots.

Section 7 is devoted to an approach for the detection of a cluster of roots. The function sgn ðf ðxÞÞ is the most convenient in
finding initial approximations, but it gives only the entries �1 and 1, and therefore, it is not applicable for the cluster detec-
tion. We show that, between the T-transform and the A-transform, it is better to use the latter one since it tends more slowly
to the signum function (inconvenient for clusters). In other words, the A-transform is more sensitive to function variations,
which is a suitable feature in the detection of clusters. This is the primary motivation for the introduction of the A-transform.

The numerical results are presented in Sections 3, 6 and 7 to illustrate the efficiency of the proposed hybrid method for
the refinement of root approximations and the detection of clusters of roots.

2. Sigmoid transform functions

Let f be a real continuous function on the interval ½a; b� having a unique real simple zero n on this interval. Such interval
will be called the inclusion interval. In this paper we will use three types of the so called sigmoid transforms.

Definition 1. The S-transform of f, denoted with Sðf ðxÞÞ, is defined as

Sðf ðxÞÞ :¼ sgn ðf ðxÞÞ; ð1Þ

where

sgn ðtÞ ¼
1; t > 0
0; t ¼ 0
�1; t < 0

8><
>: :

Definition 2. Let m > 0 and let f be a real continuous function. Then the T-transform of f with a multiplier m, denoted with
Tmðf ðxÞÞ, is defined as

Tmðf ðxÞÞ :¼ tanhðmf ðxÞÞ ðm being large enoughÞ: ð2Þ

The prefix ‘‘T” comes from the tanh function.

Definition 3. Let m > 0 and let f be a real continuous function. Then the A-transform of f with a multiplier m, denoted with
Amðf ðxÞÞ, is defined as

Amðf ðxÞÞ ¼
2
p

arctan ðmf ðxÞÞ: ð3Þ

The prefix ‘‘A” comes from the arctan function, applied to a function f.
Let us note that the S- and T-transform functions were used in [21]. The functions sgnx, tanh mx and arctan mx are

sigmoid-like functions (resembling R), a kind of the so-called logistic function which is used for mathematical modelling in a
range of fields [3,18], including biology, sociology, economics, neural network, probability, statistics, biomathematics,
mathematical psychology, ecology, medicine (for instance, for modelling non-sinusoidal circadian rhythms [7]).

Below, we give a review of some basic properties of the T-transform:

1 Tmð�1Þ ¼ �1; Tmðþ1Þ ¼ 1.
2 �1 <Tmðf ðxÞÞ < 1.
3 If f is monotonically increasing (decreasing), then Tmðf ðxÞÞ is also monotonically increasing (decreasing).
4 f ðnÞ ¼ 0 ) Tmðf ðnÞÞ ¼ 0, that is, the zeros of Tmðf ðxÞÞ coincide with the zeros of f.
5 Tmðf ðxÞÞ converges to sgn ðf ðxÞÞ as m!1.
6 If n is a zero of f, then d

dx Tmðf ðxÞÞ
��
x¼n
¼ mf 0ðnÞ.

7 If the original function f is defined on the interval ½a; b�, then Tmðf ðxÞÞ is defined on the same interval.

The function x# 2
p arctan x has a behavior very similar to the hyperbolic function tanh x. The property 1–7 are also valid

for the A-transform, where

6
d
dx

Amðf ðxÞÞ
����

x¼n

¼ 2
p

mf 0ðnÞ:
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From 1 and 2 we see that T- and A-transform ‘‘amortize” and adjust possible peaks, oscillations or other improper
behavior of the considered function f within the range interval ð�1;1Þ (see Fig. 1 for f ðxÞ ¼ ex sin 5x� 2 and T8ðf ðxÞÞ).
The properties 4–6 point to the idea for efficient approximation of the zeros of the function f. Namely, according to 6 there
follows that the slope of Tmðf ðxÞÞ and Amðf ðxÞÞ in the vicinity of the zero n is very steep for m large enough (see Fig. 2). Fur-
thermore, following 5, we observe that the graphs of Tmðf ðxÞÞ and Amðf ðxÞÞ fit very well the graph of the signum function for
large m (see Fig. 2 for T4ðf ðxÞÞ and sgn f ðxÞ). Hence, numerical integration over very convenient ‘‘almost rectangular-shaped”
regions appears to be a fruitful tool in a root approximating scheme.

Remark 1. From the property 6 there follows that the T-transform is slightly steeper than the A-transform. Besides,
j 2
p arctan mxj < j tanh mxj for any m and x 2 ð�1;þ1Þ (see Lemma 1 in Section 7). Therefore, tanh mx is a better

approximation of sgnx than 2
p arctan mx, which results in providing somewhat more precise initial approximations when the

A-transform is applied, compared to the T-transform. On the other hand, the A-transform is more convenient for the
detection of clusters of roots, see Section 7.

3. Numerical integration and approximate zero

Taking into account the argumentation from Section 2 and Figs. 1 and 2, we will show in this section that the properties of
the S-transform (1), the T-transform (2) and the A-transform (3) are convenient for the construction of an algorithm for
solving nonlinear equations, based on numerical integration.

Let n be a real simple zero of a given real function f lying on the interval ½a; b� with f ðaÞf ðbÞ < 0. Then for sufficiently large
m we have (see Fig. 3, where a part of Fig. 2 is singled out)

Imðf Þ :¼
Z b

a
Tmðf ðxÞÞdx ¼

Z b

a
tanhðmf ðxÞÞdx ¼ sgn ðf ðaÞÞ ðn� aÞ � ðb� nÞ½ � þ em; ð4Þ
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Fig. 1. The graphs of the functions f ðxÞ ¼ ex sin 5x� 2 and T8ðf ðxÞÞ ¼ tanhð8f ðxÞÞ.
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Fig. 2. The graphs of the functions f1ðxÞ ¼ sgn ðf ðxÞÞ and T4ðf ðxÞÞ ¼ tanhð4f ðxÞÞ.
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where em is the error originating from the approximation of the rectangles under and above the axis of abscissas by nearly
rectangle-shaped regions of integration (shown in Fig. 3). According to the property 5, it follows em ! 0 when m!1.

From (4) we find

n ¼ 1
2

aþ bþ sgnðf ðaÞÞ~Imðf Þ
h i

þ em �
1
2

aþ bþ sgn ðf ðaÞÞeImðf Þ
h i

¼: x0: ð5Þ

Here x0 denotes an approximation to the zero n and ~Imðf Þ is approximate value of the integral Imðf Þ, calculated by numerical
integration. As much as m is large and the error of numerical integration is small, the approximation x0 will be more accurate.

Let us note that the region of integration is ‘‘almost rectangle-shaped,” which is suitable for numerical integration. We can
apply some of numerous standard quadrature rules, including those given as a part of programming packages such as Mat-
lab, Maple, Mathematica. However, let us note that, very seldom, certain problems in numerical integration can appear at the
points belonging to the vicinity of the root n, as presented in Example 1.

Example 1. Let us determine an initial approximation to the unique zero n of the function f ðxÞ ¼ ex sin 5x� 2 in the interval
½1;1:75�. According to the relation (5) we have written a very short program in the programming package Mathematica:

f½x � ¼ Exp½x� � Sin½5x� � 2;a ¼ 1;b ¼ 1:75;

x0 ¼ 0:5 � ðaþ bþ Sign½f½a�� � NIntegrate½Sign½f½x��; fx;a;bg�Þ

The program meets the problem in numerical integration but it still offers an approximate solution x0 ¼ 1:36374. The bet-
ter approximation x0 ¼ 1:36398 is obtained by using T50ðf ðxÞÞ. Let us note that the exact zero in the interval ½1;1:75�with 20
accurate decimal digits is

n ¼ 1:36397318026371268918 . . .

These initial approximations can be further improved using rapidly convergent iterative methods for approximating single
zeros, as shown in Section 6, see Example 2.

We can also apply the signum transform Sðf ðxÞÞ ¼ sgn ðf ðxÞÞ instead of the T-transform. Then

Iðf Þ :¼
Z b

a
sgn ðf ðxÞÞdx ¼ sgn ðf ðaÞÞ½ðn� aÞ � ðb� nÞ�; ð6Þ

where from

n ¼ 1
2
½aþ bþ sgn ðf ðaÞÞIðf Þ�: ð7Þ

In practice, we must take an approximate value eIðf Þ of the integral Iðf Þ in (7) since the latter is calculated by numerical inte-
gration. Therefore, we have

n � 1
2
½aþ bþ sgn ðf ðaÞÞeIðf Þ�: ð8Þ

m

1

–1

a b

(f)

ξ

Fig. 3. Quadrature approach to the approximation of zeros.
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Comparing the relations (5) and (8) one can conclude that (8) yields a more accurate approximation to the zero n since (5)
is the approximate equality whereas (8) is the equality. Indeed, in the latter case the error em is eliminated. The above con-
clusion holds true in all situations when a good approximation eIðf Þ of Iðf Þ is feasible in (8).

Remark 2. From (5) we see that there exist two sources of errors: first, the term on the right side of (4) is obtained by
approximating rectangular regions by a rectangle-shaped figure constructed on the interval ½a; b�, which is expressed by
the error em, and second, the definite integral on the left side Imðf Þ is calculated by (approximate) quadrature rule. Working
in floating-point arithmetic of finite precision, we can also expect additional error due to rounding off. The presence of these
errors limits the accuracy of approximate zero determined by NIM (5) or (8). An extensive numerical experimentation, which
consisted of testing a hundred ‘‘non-pathological” functions, showed that the S-transform gives more accurate approxima-
tions to the roots than T-transform. According to this experience, it is recommendable to try first with the application of the
S-transform, and apply the T-transform only in those cases when the S-transform fails.

4. The efficiency of NIM in finding approximate zero of high accuracy

In what follows we consider the question of efficiency of NIM when the desired accuracy of approximate zero x0 is re-
quired. After studying a number of quadrature rules, we found that the Gauss–Legendre quadrature formula (having the
weight function pðxÞ ¼ 1) gives excellent results in numerical calculation of definite integrals appearing in (4) and (6).
The application of the Gauss–Legendre formula at n nodes requires n function evaluations (FE for brevity) and the error
of integration is given by

Rnðf Þ ¼
22nþ1ðn!Þ4

ð2nþ 1Þðð2nÞ!Þ3
f ð2nÞðgÞ ðg 2 ð�1;1ÞÞ: ð9Þ

For the purpose of comparison, we considered the following iterative methods for finding single zeros of nonlinear equations
(see [12],[19]):
Newton’s method, the convergence order 2, 2 FE per iteration:

xkþ1 ¼ xk �
f ðxkÞ
f 0ðxkÞ

ðk ¼ 0;1;2; . . .Þ: ðNÞ

Halley’s method, the convergence order 3, 3 FE per iteration:

xkþ1 ¼ xk �
f ðxkÞ

f 0ðxkÞ � f ðxkÞf 00ðxkÞ
2f 0 ðxkÞ

ðk ¼ 0;1;2; . . .Þ: ðHÞ

Ostrowski’s two-step method, the convergence order 4, 3 FE per iteration:

xkþ1 ¼ xk � uk
f ðxk � ukÞ � f ðxkÞ

2f ðxk � ukÞ � f ðxkÞ
; uk ¼

f ðxkÞ
f 0ðxkÞ

ðk ¼ 0;1;2; . . .Þ: ðOÞ

Assuming that the multi-precision arithmetic with sufficiently many significant digits is applied, the error jx0 � nj in the
application of NIM cannot be less than the error of numerical integration Rn. This error was compared with the errors jxk � nj,
where xk is the approximation obtained in the k-th iteration by applying Newton’s, Halley’s and Ostrowski’s method, adopt-
ing the following assumptions: (1) the initial approximation x0 in the implementation of the iterative methods (N), (H) and
(O) is chosen so that jx0 � nj ¼ 0:1 and (2) the number of function evaluations in this implementation is equal (or almost
equal) to the number n of nodes in the Gauss–Legendre quadrature formula. From this comparison analysis we have drawn
the following conclusions concerning the computational efficiency:

� NIM is either comparable or (rarely) better than the Newton method.
� NIM is either worse or (rarely) comparable with the Halley method and similar cubically convergent methods (Laguerre’s,

Euler’s, Chebyshev’s, square-root method) which use 3 FE.
� NIM is ultimately worse than the Ostrowski method.

5. The efficiency of NIM in finding initial approximations

In the previous section we show that NIM is less efficient than iterative methods of the order three and higher, assuming
that sufficiently good initial approximation is found. However, NIM can find an initial approximation of considerably high
accuracy using only the inclusion interval and a numerical integration with a small computational cost, which is the objec-
tive of this section.
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Let ½a; b� be the interval containing only one single root n. The determination of sufficiently close initial approximation to
this root on ½a; b� is most frequently executed by the well known bisection method. After r steps of the bisection method we
have the estimate

jxr � nj < b� a

2rþ1 ;

consuming r þ 2 FE (including f ðaÞ and f ðbÞ at the beginning of subdividing process). If the wanted accuracy s is given in
advance (requiring jxr � nj < s), from the inequality ðb� aÞ=2rþ1 < s we find the number of steps necessary for obtaining this
accuracy,

r >
logðb� aÞ � log 2s

log 2
: ð10Þ

According to (10), the number of FE can be approximately estimated as

number of FE ¼ logðb� aÞ � log 2s
log 2

� �
þ 2; ð11Þ

where bac means the greatest integer part of a.
Now we will show that NIM is more efficient in finding an initial approximation of the required accuracy than the bisec-

tion method. We assume that the S-transform is applied, which is the case in most situations. Taking, for example, s ¼ 10�4,
from (9) we find that the Gauss–Legendre quadrature formula gives the error approximately equal to 10�4 using 3 nodes and
consuming 3 FE. On the other hand, from (11) it follows that the bisection method gives the accuracy
s1 ¼ 10�4; s2 ¼ 10�3; s3 ¼ 10�2 using 15, 12 and 8 function evaluations, respectively. Ordinary Simpson’s quadrature rule,
which uses 3 FE, gives similar results if the width of inclusion interval is reasonably small. Therefore, NIM is more efficient
than the bisection method.

Instead of the bisection method, we could apply the secant method (of the order ð
ffiffiffi
5
p
þ 1Þ=2 � 1:62) or Muller’s method

(of the order approximately 1.84). However, both methods require reasonably good smoothness of a given function on the
inclusion interval (which is not the case if NIM is applied) and certainly 5 or more FE, which is experimentally checked by
testing many examples.

6. Hybrid method for the improvement of approximate zero

In the two previous sections we have shown that

� NIM is less efficient than higher order iterative methods when a high accuracy is required (Section 4).
� NIM is considerably more efficient than the bisection method in finding a good initial approximation, starting from a given

interval that contains the isolated zero (Section 5).

According to these facts, it is reasonable to combine good properties of NIM (efficient determination of initial approxima-
tions of high accuracy) and rapidly convergent iterative methods (to refine the initial approximations found by NIM). In this
way we can construct the following hybrid method of great efficiency as well as the feasibility to produce approximations of
great accuracy:

Hybrid method:

Step 1 Starting from the inclusion interval ½a; b�, apply NIM to find initial approximation x0 to the isolated zero n 2 ½a; b�.
Step 2 Starting from the initial approximation x0, apply several iterations of some rapidly convergent iterative methods for find-

ing simple zeros (Newton’s, Halley’s, Laguerre’s, Chebyshev’s, Jarratt’s or Ostrowski’s method).

We recall that the iterative methods (N), (H) and (O) are listed in Section 4.
In what follows we give numerical examples which illustrate the efficiency of the proposed hybrid methods NIM-N, NIM-

H and NIM-O.

Example 2. We have applied the hybrid methods NIM-N, NIM-H and NIM-O to the function f ðxÞ ¼ ex sin 5x� 2. Taking the
initial approximations 1, 1.3, 1.5, 1.6, 1.65, 1.7 and 1.75 from the interval [1,1.75], we found that the convergence of
Newton’s method and its variants of higher order of convergence is considerably fast. However, Newton’s method and all
two-step methods of higher order based on Newton’s correction uðxÞ ¼ f ðxÞ=f 0ðxÞ (such as Ostrowski’s method (O), Jarratt’s
and King’s method), either diverge or converge very slowly for the initial approximation x0 ¼ 1:61. The explanation lies in
the fact that f 0ð1:61Þ � 0. Let us note that the function FindRoot[Exp[x]*Sin[5x]-2==0,{x,1.61}] in the programming
package Mathematica offers the approximate solution x� ¼ �81:1366, which is wrong whereas f ðx�Þ � �2.

Using NIM we have found considerably good initial approximations x0 ¼ 1:36374 by the S-transform and x0 ¼ 1:36398
by T50ðf ðxÞÞ (see Example 1). We have employed three iterations of the iterative methods (N), (H) and (O) to obtain the im-
proved approximations given in Table 1, where Að�hÞ means A� 10�h.
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The entries of jf ðxkÞj in Table 1 point to the quadratic convergence (Newton’s method), the cubic convergence (Halley’s
method) and the fourth order convergence (Ostrowski’s method) to a great extent. The third iteration is inserted to empha-
size remarkable accuracy of the produced approximations (unnecessary in practice at present).

Example 3 (see [2, p. 162]). We have calculated a real simple zero of the Mignotte-like polynomial f ðxÞ ¼ x100 � ð100x� 1Þ3,
isolated on the interval [1,1.6]. This polynomial takes very large entries (in magnitude) on this interval; for example, at the
endpoints of the given interval we have f ð1Þ ¼ �9:7� 105; f ð1:6Þ ¼ 2:6� 1020. In spite of this inconvenience and great slope
in the vicinity of the wanted zero, the application of T20ðf ðxÞÞ yields the initial approximation x0 ¼ 1:15268 of the accuracy
jx0 � nj � 8� 10�5. Let us note that the exact root with 20 accurate decimal digits is n ¼ 1:15275932274880751937 . . . We
have applied the T-transform instead of the S-transform since the latter failed; in S-case the message in the
implementation of the programming package Mathematica reads:

NIntegrate failed to converge to prescribed accuracy.

Using the initial approximation x0 ¼ 1:15268, we have implemented Newton’s, Halley’s and Ostrowski’s method for the
improvement of this approximation. The results are given in Table 2.

As in Example 2, we tested the above polynomial for the initial approximation x0 ¼ 1:1 giving relatively small error
jx0 � nj ¼ j1:1� 1:15279 . . . j � 5:28� 10�2. However, all employed methods (N), (H) and (O) did not converge to the closest
root n ¼ 1:152759 . . . but to the root cluster near to 0.01. As known, the convergence in such case is only linear; the number
of iterations necessary to satisfy the stopping criterion jf ðxkÞj < 10�20 is given below:

Newtons’s method 49 iterations jf ðx49Þj � 6:75� 10�21 n � 0:01
Halley’s method 31 iterations jf ðx31Þj � 1:52� 10�21 n � 0:01
Ostrowski’s method 24 iterations jf ðx24Þj � 1:82� 10�21 n � 0:01

This example illustrates that the Newton, Halley, and Ostrowski methods may have problems of slow convergence and/or
convergence to an undesired root if the initial approximation is not sufficiently close. In this case, the presented sigmoid
transforms gave an initial approximation such that the convergence was to the desired root and very fast.

7. Clusters of zeros

The problem of finding clusters of zeros of nonlinear functions is a difficult task, even in the case of algebraic polynomials.
It is well known that a direct application of numerical iterative methods, in general, is not efficient for the calculation of clus-
ters of zeros without the help of some other auxiliary procedures such as detection, localization, enclosure, splitting and, in
the final step, refinement, see, e.g., [5,8–11,13–17,20]. In other words, a package of several special algorithms is necessary to
resolve the problem completely. See, for example, the papers [2] of Bini and Fiorentino and [17] of Rump, where several algo-
rithms of various type were proposed in case of clustered or multiple zeros of algebraic polynomials. For the aforementioned
reasons, in this paper we restrict ourselves to the detection of clusters of real zeros (or multiple zeros).

Table 1
Entries of jf ðxkÞj obtained by the hybrid methods

Method Newton’s Halley’s Ostrowski’s

tanhð50f ðxÞÞ x0 ¼ 1:36398
jf ðxkÞj
k ¼ 1 3:34ð�10Þ 2:82ð�14Þ 7:36ð�20Þ
k ¼ 2 2:29ð�21Þ 3:01ð�43Þ 8:01ð�81Þ
k ¼ 3 1:05ð�43Þ 3:67ð�130Þ 1:12ð�324Þ

sgn ðf ðxÞÞ x0 ¼ 1:36374
jf ðxkÞj
k ¼ 1 3:89ð�7Þ 1:12ð�9Þ 1:01ð�13Þ
k ¼ 2 3:07ð�15Þ 1:92ð�29Þ 2:72ð�56Þ
k ¼ 3 1:91ð�31Þ 9:49ð�89Þ 1:49ð�226Þ

Table 2
Entries of jf ðxkÞj (the T-transform), x0 ¼ 1:15268

method Newton’s Halley’s Ostrowski’s

jf ðxkÞj
k ¼ 1 35:04 4:41ð�2Þ 1:55ð�4Þ
k ¼ 2 4:33ð�4Þ 3:83ð�18Þ 9:13ð�36Þ
k ¼ 3 6:60ð�14Þ 2:51ð�66Þ 1:09ð�160Þ
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The signum function applied to a real function f gives only the entries �1 and 1, and therefore, it is not applicable for the
cluster detection. For this reason, between the transform functions 2

p arctan mf ðxÞ and tanh mf ðxÞ, we will choose that which
tends more slowly to the signum function. Obviously, it is sufficient to consider their behavior for x > 0 and select the one
which takes smaller values for all x ð> 0Þ. The answer is given in the following lemma.

Lemma 1. 2
p arctan x 6 tanh x ðx P 0Þ.

Proof. The equality holds only for x ¼ 0. Let us consider the function uðxÞ ¼ 2
p arctan x� tanh x and its derivative

u0ðxÞ ¼
2
p cosh2x� 1� x2

ðx2 þ 1Þcosh2x
¼ vðxÞ
ðx2 þ 1Þcosh2x

; vðxÞ ¼ 2
p

cosh2x� 1� x2;

for x > 0. We have to prove that uðxÞ < 0 for x > 0.
Since v0ðxÞ ¼ 2

p sinh 2x� 2x > 0 for x > 2 (according to the inequality sinh 2x > px for x > 2), we conclude that vðxÞ is an
increasing function on the interval ð2;þ1Þ. Besides, vð2Þ ¼ 4:01 . . ., and hence vðxÞ, and consequently u0ðxÞ, has no zeros for
x > 2. On the other hand, vð0Þ ¼ �0:36338, which means that vðxÞ has at least one zero on the interval ð0;2Þ. From the graph
of vðxÞ on the interval ð0;2Þwe see that vðxÞ, and hence u0ðxÞ, has only one zero x� � 1:40605. Taking into account these facts,
we conclude that the function uðxÞ decreases on the interval ð0;1:40605 . . .Þ and then increases on the interval
ð1:40605 . . . ;þ1Þ.

Furthermore, we find uð0Þ ¼ 0; uðx�Þ ¼ uð1:40605 . . .Þ � �0:28 < 0. Besides, limx!þ1uðxÞ ¼ 0, which means that the x-
axis is a horizontal asymptote of uðxÞ. According to this and the monotonicity of uðxÞ, we conclude that uðxÞ < 0 for x > 0 and
the proof is completed. h

According to Lemma 1, for the detection procedure we choose arctan function since it is more sensitive (compared to tanh
function) to the variations of a given function f whose cluster of zeros is sought. Numerical examples show that the A-trans-
form (3) can be successfully applied for the detection of clusters of algebraic polynomials and a wide class of analytic func-
tions that can be represented in the form of product

f ðzÞ ¼ WðzÞ
Yn

j¼1

ðz� njÞ

inside the closed simple smooth contour C. Here W is an analytic function such that WðzÞ–0 for all z 2 int C.
It is known that the mentioned functions have very small values in magnitude jf ðxÞj and small slopes on an (considerably

tight) interval ½a; b� that contains a multiple zero or a cluster of zeros. The graph of Amðf ðxÞÞ has the shape of an array of
‘‘rectangular impulses,” passing through the exact roots and clustering almost all points towards the limits �1. The excep-
tions appear on the interval ½a; b� where jf ðxÞj cannot reach the limit 1. Just this fact enables us to detect the interval ½a; b� (of
small entries of jf ðxÞj) as an interval containing cluster(s) of zeros.

As described in [2], the next step is to choose a point c (say, the midpoint or the center of gravity of the zeros) in the inner
part of the cluster ½a; b� and then shift the variable of f ðxÞ into gðyÞ ¼ f ðyþ cÞ. Then we apply a suitable algorithm to gðyÞ (for
example, some of algorithms proposed in [17] in case of algebraic polynomials), since the zeros of gðyÞ are much better con-
ditioned than the zeros of f ðxÞ (especially when the cluster is far from the origin), see [2].

The presented observation will be demonstrated on the example of a polynomial equation. Let p be a given polynomial of
degree n with real coefficients and let ½a; b� be a candidate for cluster-interval. Let c ¼ ðaþ bÞ=2 and r ¼ ðb� aÞ=2 and denote
with pð½a; b�Þ ¼ fpðxÞ : x 2 ½a; b�g the range of real values of the polynomial p over the interval ½a; b�. Then, according to the
properties of interval functions (see [1,16]), we have

pð½a; b�Þ 	 PCð½a; b�Þ ¼ ½pðcÞ � q;pðcÞ þ q�;

where PCð½a; b�Þ is the centered interval extension of p given by

PCð½a; b�Þ ¼ ½pðcÞ � q; pðcÞ þ q� ¼ ½p1;p2�; q ¼
Xn

k¼1

jpðkÞðcÞjrk

k!
ð12Þ

(see [16, Sec. 2.3]). Since x# arctan x is monotonically increasing function, we have

farctan pðxÞ : x 2 ½a; b�g 	 arctan ð½p1;p2�Þ ¼ ½arctan p1; arctan p2�:

If p1p2 < 0, then the validity of the both inequalities

2
p
j arctan mp1j < q < 1 and

2
p
j arctan mp2j < q < 1 ð13Þ

points to the possible presence of a cluster of zeros or a multiple zero in the interval ½a; b�. As much as q is smaller and the
considered interval ½a; b� narrower, the detection of a cluster or a multiple zero will be more credible.

Remark 3. If pðaÞpðbÞ < 0, we conclude that the polynomial p has at least one zero on ½a; b�, but we do not know is there a
single zero, a multiple zero (of odd order) or a cluster of zeros even when jpðaÞj and jpðbÞj are very small quantities. For
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example, let us consider the polynomial pðxÞ ¼ ðx� 1:64Þðx� 1:66Þðx� 1:68Þðx� 2Þðxþ 2Þ (later tested in Example 4) on the
interval ½�2:001;�1:999�. Then pð�2:001Þ ¼ �0:1963; pð�1:999Þ ¼ 0:1959 and, thus, the polynomial p has at least one zero
on the interval ½�2:001;�1:999�. However,

A50ðpð�2:001ÞÞ ¼ �0:93536; A50ðpð�1:999ÞÞ ¼ 0:93523;

which is close (in magnitude) to 1. Hence we conclude that p most likely does not have a cluster or multiple zero in the inter-
val ½�2:001;�1:999�. Indeed, n ¼ �2 is a simple zero on this interval.

Example 4. Let us consider the polynomial

pðxÞ ¼ x5 � 4:98x4 þ 4:2664x3 þ 15:346368x2 � 33:0656xþ 18:294528

and the interval ½a; b� ¼ ½1:4;1:8�. We have c ¼ 1:6 and r ¼ 0:2 and calculate pðcÞ ¼ pð1:6Þ ¼ 0:00027648 and q ¼ 0:036 (using
(12)). Therefore, pð½1:4;1:8�Þ 
 ½�0:03573;0:03628� ¼: ½p1; p2�. Let us apply the A-transform to the polynomial p with
m ¼ 20, see Fig. 4. Then we find

2
p

arctan ð½20p1;20p2�Þ ¼ ½�0:3950;0:3996�

and we see that (13) is satisfied. Thus, the interval ½1:4;1:8� most likely contains a cluster of zeros of p or a multiple zero.
Indeed, the factorization of the polynomial p reads

pðxÞ ¼ ðx� 1:64Þðx� 1:66Þðx� 1:68Þðx� 2Þðxþ 2Þ;

and we meet the cluster f1:64;1:66;1:68g. The described situation is presented in Fig. 4.

Example 5. (see [5, p. 30]). Let f ðzÞ ¼ z2ðz� 2Þðe2z cos zþ z3 � 1� sin zÞ and C ¼ fjzj ¼ 3 : z 2 Cg. We restrict ourselves to
real roots only. The graph of the function gðxÞ ¼ 2

p arctan ð20f ðxÞÞ ð¼A20ðf ðxÞÞÞ on the real interval ð�3;3Þ is shown in
Fig. 5. We observe that the function g has small values in magnitude in the vicinity of the point x ¼ 0 and small slope in this
vicinity. Therefore, the interval ½��; �� contains either a cluster of zeros or a multiple zero. Using the Lagouanelle formula (see
[4,6]) we calculate the multiplicity
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Fig. 4. The graphs of A20ðpðxÞÞ and the magnified -interval.
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Fig. 5. A20ðf ðxÞÞ points to the real zeros of the function f ðxÞ on the interval ð�3;3Þ.
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l ¼ lim
x!0

f 0ðxÞ2

f 0ðxÞ2 � f ðxÞf 00ðxÞ
¼ 3

and conclude that f has a triple zero at the origin.

Example 6. The Mignotte-like polynomial f ðxÞ ¼ x100 � ð100x� 1Þ3 from the Example 3 has 3 roots very close to 1=100.
Applying A50ðf ðxÞÞ we detect the clustered roots close to 0.01, see Fig. 6.
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Fig. 6. The transform A50ðf ðxÞÞ detects 3 clustered roots of f ðxÞ ¼ x100 � ð100x� 1Þ3 close to 0.01.

M.S. Petković, B.I. Yun / Applied Mathematics and Computation 204 (2008) 784–793 793


