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A highly efficient root-solver of very fast convergence q
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a b s t r a c t

The improved iterative method of Ehrlich–Aberth’s type for the simultaneous determina-
tion of all simple complex zeros of a polynomial is proposed. The presented convergence
analysis shows that the convergence rate of the basic third order method is increased from
3 to 6 using Ostrowski’s corrections. The new iterative method is more efficient compared
to all existing methods based on fixed point relations. Some computational aspects and
numerical examples are given.

� 2008 Elsevier Inc. All rights reserved.

1. Methods of Ehrlich–Aberth’s type

The aim of this paper is to accelerate convergence and increase computational efficiency of the iterative methods of
Ehrlich–Aberth’s type (see [1,2,8]) for the simultaneous determination of the zeros of algebraic polynomials. The improve-
ment is attained by applying Ostrowski’s correction [9, p. 253] which requires n additional polynomial evaluations (horners).
The presented analysis of computational efficiency shows that the proposed method is the most efficient among all existing
methods based on fixed point relations.

Let

PðzÞ ¼ zn þ an�1zn�1 þ . . .þ a1zþ a0 ¼
Yn

j¼1

ðz� fjÞ

be a monic polynomial of degree n with simple real or complex zeros f1; . . . ; fn and let

uðzÞ ¼ PðzÞ
P0ðzÞ

¼ d
dz

log PðzÞ
� ��1

¼
Xn

j¼1

1
z� fj

 !�1

ð1Þ

be Newton’s correction appearing in the quadratically convergent Newton’s method ẑ ¼ z� uðzÞ. From (1) we derive the
following fixed point relation

fi ¼ z� 1

1
uðzÞ �

Pn
j¼1
j–i

1
z�fj

ði 2 In :¼ f1; . . . ; ngÞ;
ð2Þ

sometimes called the root-relation since it gives an explicit formula for the root fi.
Let z1; . . . ; zn be distinct approximations to the zeros f1; . . . ; fn. Putting z ¼ zi and replacing the zeros fj by the corresponding

approximations zj in (6), we get the iterative method
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ẑi ¼ zi �
1

1
uðziÞ
�
Pn
j¼1
j–i

1
zi�zj

ði 2 InÞ
ð3Þ

for the simultaneous approximation of all simple zeros of the polynomial P. Here ẑi is a new approximation to the zero fi. The
iterative method (3) was considered in the papers by Ehrlich [2] and Aberth [1], including the proof of cubic convergence. For
this reason, the method (3) is most frequently referred to as the Ehrlich–Aberth method.

To construct the third order method (3), the zeros fj in (2) are substituted by the current approximations zj. It is clear from
(2) that the better approximation to fj would give a method faster than the Ehrlich–Aberth method (3). Following this argu-
mentation, Nourein [8] has taken the Newton approximations zj � uðzjÞ (instead of zj) in (2) to obtain the fourth order meth-
od, often called Nourein’s method

ẑi ¼ zi �
1

1
uðziÞ
�
Pn
j¼1
j–i

1
zi�zjþuðzjÞ

ði 2 InÞ:
ð4Þ

We observe that the increase of the convergence order from 3 to 4 is carried out using the already calculated corrections
uðzjÞ, which points to the higher computational efficiency of Nourein’s method (4) compared to the Ehrlich–Aberth method
(3). Actually, it was shown in [7] (see, also, [10, Ch. 6]) that Nourein’s method (4) is the most efficient in the class of methods
based on fixed point relations.

2. The improved method with Ostrowski’s corrections

In what follows we will propose further improvement of methods of Ehrlich–Aberth’s type. According to the aforemen-
tioned remark, in the substitution of the zeros fj on the right side of (2) by some approximations it is preferable to apply
faster method instead of Newton’s method, but on the account of as small as possible additional computational cost. The
following iterative method for solving nonlinear equations f ðxÞ ¼ 0, proposed by Ostrowski [9], is convenient for realizing
such a goal:

ẑ ¼ /ðzÞ :¼ z� uðzÞ f ðz� uðzÞÞ � f ðzÞ
2f ðz� uðzÞÞ � f ðzÞ ; uðzÞ ¼ f ðzÞ

f 0ðzÞ : ð5Þ

This is, actually, a two-step method; first we calculate Newton’s correction uðzÞ and Newton’s approximation z� uðzÞ, and
then calculate the improved approximation ẑ by (5). The order of convergence of the Ostrowski method (5) is four; if f is
a simple zero of f and e ¼ z� f, then

/ðzÞ � f

ðz� fÞ4
! C2ðfÞ

�
C2

2ðfÞ � C3ðfÞ
�
; CkðzÞ ¼

f ðkÞðzÞ
k!f 0ðzÞ ;

or in the form

/ðzÞ � f ¼ OMððz� nÞ4Þ: ð6Þ

Here OM is a symbol which points to the fact that two complex numbers w1 and w2 have moduli of the same order (that is,
jw1j ¼ Oðjw2jÞ, written as w1 ¼ OMðw2Þ.

Let f � P be a monic polynomial, then (5) can be rewritten in the form

ẑi ¼ /ðziÞ ¼ zi � wðziÞ; wðzÞ ¼ uðzÞ Pðz� uðzÞÞ � PðzÞ
2Pðz� uðzÞÞ � PðzÞ ; uðzÞ ¼ PðzÞ

P0ðzÞ
:

The function z#wðzÞ is referred to as Ostrowski’s correction. Now we can derive the Ehrlich–Aberth method with Ostrowski’s
corrections following the idea used in the construction of the method (4):

zðmþ1Þ
i ¼ zðmÞi � 1

1
uðzðmÞ

i
Þ
�
Pn
j¼1
j–i

1
zðmÞ

i
�zðmÞ

j
þwðzðmÞ

j
Þ

ði 2 In; m ¼ 0;1;2; . . .Þ:
ð7Þ

We can expect very fast convergence of the method (7) since Ostrowski’s approximation zj � wðzjÞ is very close to the exact
zero fj (see the root-relation (2)) due to the fact that Ostrowski’s method (5) is of the fourth order.

The convergence rate of the proposed method (7) is considered in the following theorem.

Theorem 1. If zð0Þ1 ; . . . ; zð0Þn

� �
is an array of initial distinct approximations to the zeros f1; . . . ; fn of P reasonably close to these

zeros, then the order of convergence of the iterative method (7) is six.
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Proof 1. For simplicity, we will omit the iteration index m. Quantities in the subsequent iteration will be denoted by the
symbol .̂ For brevity, let ei ¼ zi � fi; êi ¼ ẑi � fi and

cij ¼ zi � zj þ wðzjÞ; hi ¼
Xn

j¼1
j–i

zj � wðzjÞ � fj

ðzi � fjÞcij
:

Then, starting from (7) and using (1) we obtain

ẑi ¼zi �
1

1
ei
þ
Pn
j¼1
j–i

1
zi�fj
�
Pn
j¼1
j–i

1
cij

¼zi �
ei

1� ei
Pn
j¼1
j–i

zj�wðzjÞ�fj

ðzi�fjÞcij

¼zi �
ei

1� eihi
;

and hence

êi ¼ ẑi � fi ¼ ei �
ei

1� eihi
¼ �e2

i hi

1� eihi
: ð8Þ

Let us assume that ei ¼ OMðejÞ for any pair i; j and let e 2 fe1; . . . ; eng be the error of maximal modulus. Then, according to (6),
we have hi ¼ OMðe4Þ and from (8) we find

ê ¼ OMðe6Þ;

which completes the proof. h

3. Computational aspects

In this section we discuss the computational efficiency of the Ehrlich–Aberth method (3), the Nourein method (4) and the
new method (7) and show that the proposed method (7) is the most efficient. Then we give two numerical examples to dem-
onstrate the convergence properties of the considered simultaneous methods.

An estimation of computational efficiency of iterative root-finding methods provides their ranking, which is of interest in
designing a package of methods for the simultaneous determination of polynomial roots. The efficiency of an iterative meth-
od (IM) can be measured in a satisfactory way using the coefficient of efficiency given by

EðIMÞ ¼ log q
d

; ð9Þ

where q is the R-order of convergence of the iterative method (IM), and d is the computational cost (see [6, Ch. 1]). Other
formulae can also be successfully employed, for instanceeEðIMÞ ¼ qc=d; ð10Þ

where c is a normalization constant, see Traub [11] and [10, Ch. 6]. The rank list of methods obtained by these formulae
mainly matches well with a real CPU (central processor unit) time, c.f. [7]. A little disadvantage of the formula (10) is its
dependence of the choice of normalization constant (although it does not change the ranking of tested methods) so that
we have used (9) in this paper.

There are several features which should be considered in the evaluation of computational cost. However, when we use the
same digital machine for the implementation of all tested methods, it is sufficient for our purpose to evaluate the compu-
tation cost d on the basis of arithmetic operations per iteration, taken with certain weights depending on the processor exe-
cution time. These weights will be denoted by wA;wS;wM and wD for addition, subtraction, multiplication and division,
respectively. Let An; Sn;Mn and Dn be the number of additions, subtractions, multiplications and divisions in the implemen-
tation of one iteration for all n zeros of a given polynomial of degree n. Then the computational cost d can be (approximately)
expressed as

d ¼ dðnÞ ¼ wAAn þwSSn þwMMn þwDDn ð11Þ

and from (9) we obtain

EðIM;nÞ ¼ log q
wAAn þwSSn þwMMn þwDDn

: ð12Þ
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As in many papers concerned with the considered subject, it is reasonable to take the number of cycles of the four basic oper-
ations to be the weights appearing in (11).

We have compared the iterative methods (3), (4) and (7) assuming that the computer used to implement these methods
would execute only real arithmetic operations. The number of basic arithmetic operations of the methods (3), (4) and (7) is
given in Table 1 as a function of the polynomial degree n.

It is worth noting that, according to the analysis of efficiency given in [10, Ch. 6] for several computing machines, it was
found that the Nourein method (4) has the highest computational efficiency in the class of methods based on fixed point
relations. For this reason, it is unnecessary to consider other existing methods in the comparison procedure.

To compare the simultaneous methods (3), (4) and (7), we used the numbers of cycles (necessary for the evaluation of
weights appearing in (12)) given in the paper [4]. More details on multiprecision arithmetic operations may be found in
[3 and 4].

Applying (12) we calculated the percent ratios

t7;3ðnÞ ¼ ðEðð7Þ; nÞ=Eðð3Þ; nÞ � 1Þ � 100 ðin %Þ; ðO=E%Þ
t7;4ðnÞ ¼ ðEðð7Þ; nÞ=Eðð4Þ; nÞ � 1Þ � 100 ðin %Þ; ðO=N%Þ

where O, E and N stand for Ostrowski, Ehrlich and Nourein. These ratios show the (percent) improvement of computational
efficiency of the new method (7) in relation to the methods (3) and (4), and they are graphically presented in Fig. 1 as the
functions of the polynomial degree n, where t7;3ðnÞ is displayed by full line and t7;4ðnÞ by dotted line.

From Fig. 1 we observe that the new method (7) is more efficient than the methods (3) and (4). This improvement is con-
siderably greater in relation to the Ehrlich–Aberth method (3) (O/E% – full line) than in the case of the method (4) (O/N% –
dotted line). Let us note that the percent ratios t7;3ðnÞ and t7;4ðnÞ slightly vary when we use other data for the weights (cycles)
and use some other formulae for the coefficient of efficiency (for instance, eEðIM;nÞ ¼ qc=dðnÞ, see (10)), but the ranking of the
considered methods remains unchanged. Therefore, the proposed method with Ostrowski’s corrections (7) is the most effi-
cient method for the simultaneous determination of polynomial zeros in the class of methods based on fixed point relations.

We have tested a number of polynomial equations to demonstrate the convergence behavior of the methods (3), (4) and
(7) of Ehrlich–Aberth’s type. To save all significant digits, we applied the programming package Mathematica 6 with multi-
precision arithmetic relying on the GNU multiprecision package GMP developed by Granlund [5]. To illustrate the conver-
gence properties, among a number of tested algebraic polynomials we have selected two examples. As a measure of
accuracy of the obtained approximations, we have calculated Euclid’s norm

eðmÞ :¼ kzðmÞ � fk2 ¼
Xn

i¼1

jzðmÞi � fij2
 !1=2

ðm ¼ 0;1; . . .Þ: ð13Þ

Table 1
The number of basic arithmetic operations (real arithmetic)

Methods An Sn Mn Dn

The Ehrlich–Aberth method (3) 3n2 � 3n n2 þ n 2n2 n2 þ n
The Nourein method (4) 3n2 � 3n n2 þ 2n 2n2 n2 þ n
The new method (7) 4n2 � 2n n2 þ 4n 3n2 þ n n2 þ 2n

Fig. 1. Ratios of computational efficiency.
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Example 1. We have applied the iterative methods (3), (4) and (7) for the simultaneous determination of the zeros
�3;�1;�2i;�2� i of the polynomial

P9ðzÞ ¼ z9 þ 3z8 � 3z7 � 9z6 þ 3z5 þ 9z4 þ 99z3 þ 297z2 � 100z� 300:

Initial approximations have been chosen in such a way as to give eð0Þ ¼ 0:519. The errors eðmÞ calculated by (13) are given in
Table 2, where the denotation Að�hÞ means A� 10�h.

Example 2. The same methods (3), (4) and (7) have been applied for the simultaneous determination of zeros of the poly-
nomial of the 20th degree

P20ðzÞ ¼ ðz� 4Þðzþ 1Þðz4 � 16Þðz2 þ 9Þðz2 þ 2zþ 5Þðz2 þ 2zþ 2Þðz2 � 2zþ 2Þðz2 � 4zþ 5Þ
� ðz2 � 2zþ 10Þðz� iÞðzþ 5iÞ:

The selected initial approximations yield eð0Þ ¼ 1. The errors eðmÞ calculated by (13) are given in Table 3.

From Tables 2 and 3 and a number of tested polynomial equations, as well as the presented analysis of computational
efficiency, we can conclude that the proposed Ehrlich–Aberth method with Ostrowski’s corrections (7) is more efficient than
all existing methods based on fixed point relations. Numerical experiments show that the new method (7) converges very
fast; two iterative steps are usually sufficient in solving most practical problems when initial approximations are reasonably
good and polynomials are well-conditioned. The third iteration produces approximations of very high accuracy, usually not
required in practice at present. However, we include the third iteration to illustrate both the very fast convergence of the
method (7) and fine matching of its order of convergence with that given in Theorem 1.
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Table 2
Euclid’s norm of errors; the polynomial of the 9th degree

Methods eð1Þ eð2Þ eð3Þ

The Ehrlich–Aberth method (3) 1.07(�2) 1.32(�7) 5.58(�22)
The Nourein method (4) 2.75(�3) 3.48(�12) 8.21(�48)
The new method (7) 3.10(�4) 9.31(�24) 2.61(�140)

Table 3
Euclid’s norm of errors; the polynomial of the 20th degree

Methods eð1Þ eð2Þ eð3Þ

The Ehrlich–Aberth method (3) 8.44(�2) 8.24(�5) 9.58(�14)
The Nourein method (4) 4.16(�2) 3.94(�7) 2.33(�27)
The new method (7) 1.19(�2) 1.02(�12) 6.25(�73)
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