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A multi-step self-validated iterative method for solving nonlinear equations is constructed.
The main advantages of this method are the feasibility to provide global convergence and
to produce automatic computation of rigorous error bound of approximations, given by the
radius of the resulting inclusion interval. The convergence analysis and numerical exam-
ples are included to demonstrate convergence properties of the presented method. A spe-
cial attention is devoted to two-step and three-step methods for their high computational
efficiency. In particular, extended interval arithmetic is used for the construction of never-
failing variant of the proposed method.
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1. Introduction

The aim of this paper is to present a new interval method for solving nonlinear equations of the form f ðxÞ ¼ 0, based on
Traub’s n-step scheme and realized in real interval arithmetic. Transformations of multipoint methods for solving nonlinear
equations into self-validated methods realized in real interval arithmetic have been very seldom considered in the literature.
Recall that the main advantage of self-validated (or enclosure) methods, implemented in interval arithmetic, is their feasi-
bility to produce automatic computation of rigorous error bound on approximate solutions, despite the rounding errors that
are inherent in computer arithmetic. Interval arithmetic is a powerful tool for finding upper error bounds in sought results.
Moreover, many experts in the field of computer science consider that interval arithmetic will have very important role in
the future as the only device for controlling results of computations implemented on very fast computers, see [5,18]. More
details about interval arithmetic of various kinds and interval methods can be found in [1–3,5,10,12–14,17,19] and refer-
ences cited therein.

A real interval X ¼ ½x; �x� is a closed set of real numbers given by
X ¼ ½x; �x� ¼ fx 2 R : x 6 x 6 �xg:
The radius of an interval X is defined by radðXÞ ¼ 1
2 ð�x� xÞ. The midpoint value of X is given by mðXÞ ¼ 1

2 ðxþ �xÞ. Sometimes,
it is convenient to represent a real interval X in the midpoint-radius form X ¼ fmðXÞ; radðXÞg. Then X ¼ ½mðXÞ�
radðXÞ;mðXÞ þ radðXÞ� ¼ fmðXÞ; radðXÞg.

For two intervals A ¼ ½a1; a2� ¼ fc1; r1g and B ¼ ½b1; b2� ¼ fc2; r2g the following basic arithmetic operations are defined:
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Aþ B ¼ ½a1 þ b1; a2 þ b2� ¼ fc1 þ c2; r1 þ r2g;
A� B ¼ ½a1 � b2; a2 � b1� ¼ fc1 � c2; r1 þ r2g;
A � B ¼ minfa1b1; a1b2; a2b1; a2b2g;maxfa1b1; a1b2; a2b1; a2b2g½ �# fc1c2; jc1jr2 þ jc2jr1 þ r1r2g;
afc; rg ¼ fac; jajrg; a 2 R;

A�1 ¼ ½1=a2;1=a1�; ð0 R AÞ;
B=A ¼ B � A�1 ð0 R AÞ:
It is easy to show that for a nonzero interval X ¼ ½x; �x� ¼ fc; rg the following is valid:
X�1 ¼ fc; rg�1 ¼ c

jcj2 � r2
;

r

jcj2 � r2

( )
; 0 R X; that is; jcj > r: ð1Þ
Definition 1. We say that FðXÞ is an interval extension of f on the interval X ¼ ½x; �x� if
Fð½x; x�Þ ¼ f ðxÞ; ðrestrictionÞ;
FðXÞ � ff ðxÞ j x 2 Xg; ðinclusionÞ:
Definition 2 (Moore [12, p. 34] ). F is Lipschitz’ interval extension in an interval X0 if there is a constant L such that
radðFðXÞÞ 6 LradðXÞ for every X # X0.

All interval extensions used through the text are of Lipschitz’ type without being explicitly noted.
Definition 3. An interval valued function F is inclusion monotonic if
X # Y implies FðXÞ# FðYÞ:

In particular,
f ðxÞ 2 FðXÞ for every x 2 X: ð2Þ
The inclusion property (2) plays the main role in the construction of interval methods.
We emphasize that the division B : A when 0 2 A can be handled using extended interval arithmetic, see [5,8,12]. This kind

of arithmetic introduces the inversion 1=½c; d� even if 0 2 ½c; d�, specifying three cases:

1� If c ¼ 0 < d, then 1=½c; d� ¼ ½1=d;þ1Þ.
2� If c < 0 < d, then 1=½c; d� ¼ ð�1;1=c� [ ½1=d;þ1Þ.
3� If c < d ¼ 0, then 1=½c; d� ¼ ð�1;1=c�.

The presentation of main results is organized as follows. A model for the construction of self-validated methods for solv-
ing nonlinear equations, including an interval version of Newton’s method, is presented in Section 2. Section 3 is devoted to
the new n-step method of global convergence for the inclusion of a simple root of a given function of one variable. Conver-
gence analysis of the proposed methods is given in Section 4. In Section 5 we study a more general case of the proposed
interval method realized in extended interval arithmetic. This method is globally convergent and it never fails because it
can deal with division by an interval which contains 0. Extended interval arithmetic enables the separation of different roots
from each other and finding all roots that lie in a given interval. Numerical examples are presented in Section 6. Section 7
contains some conclusion remarks and comments.

2. Interval methods for solving nonlinear equations

Let Xk be a real interval containing a root x� of a real function f obtained in the kth iteration, and let us consider a class of
interval methods of the form
Xkþ1 ¼ Xk \ GðXkÞ ðk ¼ 0;1; . . .Þ; ð3Þ

assuming that the initial interval X0 contains the root x� and GðXkÞ is suitably chosen bounded interval operator. It follows
from (3) that x� belongs to Xkþ1 if and only if
x� 2 Xk ) x� 2 GðXkÞ ðinclusion implication propertyÞ: ð4Þ
Otherwise, if x� 2 Xk but x� R GðXkÞ for some k P 0, then
x� R Xkþ1 ¼ Xk \ GðXkÞ
and the iterative process breaks down. We conclude that an interval root-finding method is well defined if and only if the
inclusion implication property (4) holds true. The Newton interval operator N discussed below is the best known example of G.
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Remark 1. In the recent papers [6,7] interval methods based on the two-step Ostrowski’s and King’s method were proposed.
However, these methods cannot be regarded as self-validated methods since they do not guarantee the enclosure of a root in
general. Counterexamples conform this conclusion; for example, for the initial interval X0 ¼ ½1:5;2:3�; f ðxÞ ¼ x3 � 8 and
b ¼ 5 in the King-like ‘‘interval’’ method, the method proposed in [7] falls.

First we derive a suitable root-relation as the base for the construction of a new multi-step interval method for solving
nonlinear equations. Let f be a real continuously differentiable function having a real simple root x� isolated on a real interval
X ¼ ½x; �x� and let f 0 have an inclusion monotonic interval extension F 0ðXÞ on the interval X such that 0 R F 0ðXÞ. By the mean
value theorem, we can write
f ðx�Þ ¼ f ðtÞ þ f 0ðnÞðx� � tÞ ð5Þ
for some n between x� and t. Since f ðx�Þ ¼ 0 and f 0ðnÞ 2 F 0ðXÞ (in view of the set property due to n 2 X), from (5) we have
x� ¼ t � f ðtÞ
f 0ðnÞ

2 t � f ðtÞ
F 0ðXÞ

ð6Þ
for any t 2 ½x; �x�. Let t ¼ mðXÞ ¼ ðxþ �xÞ=2. Then from (6) we obtain
x� ¼ mðXÞ � f ðmðXÞÞ
f 0ðnÞ

2 NðXÞ :¼ mðXÞ � f ðmðXÞÞ
F 0ðXÞ

: ð7Þ
The operator NðXÞ defined by (7) is called the interval Newton operator. The crucial feature that x� 2 NðXÞ is valid, meaning
that the required inclusion implication property (4) is satisfied.

The previous relation (7) leads to the interval Newton–Moore algorithm proposed by Moore in [10]:
Given X0 such that x� 2 X0 and 0 R F 0ðX0Þ;
Xkþ1 ¼ Xk \ NðXkÞ;

�
ðk ¼ 0;1; . . .Þ: ð8Þ
The following assertion has been proved in [10].

Theorem 1. If an initial interval X0 contains a root x� and 0 R F 0ðX0Þ, then each Xk defined by (8) also contains x� and a strongly
nested sequence fXkg converges quadratically to x�, that is,
X0 � X1 � X2 � . . . � Xk � . . . 3 x�
and
radðXkþ1Þ 6 a radðXkÞð Þ2:
Remark 2. The interval Newton operator has the following properties:

(i) If NðXÞ# X, then f ðxÞ has exactly one zero x� in X.
(ii) If NðXÞ \ X ¼ ;, then f ðxÞ has no zero in X.
Remark 3. It can happen for some k that Xkþ1 ¼ Xk \ NðXkÞ ¼ Xk. Then the iterative process is terminated and Xk is the
inclusion interval for x�. If the initial inclusion interval X0 is not sufficiently tight, then the convergence is not necessarily
quadratic. In that case most often happens that NðX0Þ 	 X0 giving X1 ¼ X0 \ NðX0Þ ¼ X0 and the process is finished
immediately at the beginning. Such a situation requires subdividing the interval X0 into smaller disjunct subintervals
and handling each of them. The elimination of non-inclusion intervals can be performed using the property (ii) giving in
Remark 2.

3. Multi-step interval method

Let Ip denote a class of iterative functions / that define iterative methods for solving equations of the form f ðxÞ ¼ 0 with
the order of convergence p. Traub proved the following theorem [21, p. 168]:

Theorem 2. Let /ðxÞ 2 Ip and let
wðxÞ ¼ /ðxÞ � f ð/ðxÞÞ
f 0ðxÞ

: ð9Þ
Then wðxÞ 2 Ipþ1.
Note that the iterative function (9) is of Newton’s type; for /ðxÞ ¼ x ðn ¼ 1Þ (9) reduces to ordinary Newton’s method of

the second order.
The relation (9) suggests the following n-step scheme of Newton’s type:

Miodrag
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yk;0 ¼ xk;

yk;1 ¼ yk;0 �
f ðyk;0Þ
f 0 ðxkÞ

;

yk;2 ¼ yk;1 �
f ðyk;1Þ
f 0 ðxkÞ

;

..

.

yk;n ¼ xkþ1 ¼ yk;n�1 �
f ðyk;n�1Þ

f 0 ðxkÞ
:

8>>>>>>>>><
>>>>>>>>>:

ðk ¼ 0;1; . . .Þ ð10Þ
According to Theorem 2 the iterative sequence fxkg defined by (10) converges (under suitable initial conditions) with the
order nþ 1. As a particular case, we present the following two-step cubically convergent method proposed by Traub in
[21, p. 168]
yk ¼ xk � f ðxkÞ
f 0 ðxkÞ

; :

xkþ1 ¼ yk � f ðykÞ
f 0 ðxkÞ

;

8<
: ðk ¼ 0;1; . . .Þ ð11Þ
More details about multipoint methods can be found in the book [15] and the survey paper [16].
Suppose that a real simple root x� is isolated on a real interval Xk and let f 0 have a monotonic interval extension F 0ðXkÞ on

the interval Xk such that 0 R F 0ðXkÞ. Furthermore, let yk;0 ¼ xk ¼ mðXkÞ. In regard to (6) (for t ¼ mðXkÞ) we have
x� 2 Tk;1 :¼ NðXkÞ ¼ mðXkÞ �
f ðmðXkÞÞ

F 0ðXkÞ
: ð12Þ
Define a new interval Yk;1 :¼ Xk \ Tk;1 # Xk, then x� 2 Yk;1 since x� 2 Xk and x� 2 Tk;1. Let yk;1 ¼ mðYk;1Þ. Again, by (6)
(for t ¼ mðYk;1Þ 2 Xk) we find that
x� 2 Tk;2 :¼ mðYk;1Þ �
f ðmðYk;1ÞÞ

F 0ðXkÞ
# Xk; ð13Þ
so that
x� 2 Yk;2 :¼ Yk;1 \ Tk;2 # Yk;1 # Xk:
Applying successively the above procedure, we construct the following n-step interval method:
Yk;1 ¼ Xk \ Tk;1;

Yk;2 ¼ Yk;1 \ Tk;2;

..

.

Yk;n ¼ Xkþ1 ¼ Yk;n�1 \ Tk;n;

8>>>><
>>>>:

ðk ¼ 0;1; . . .Þ ð14Þ
where the interval operator Tk;i is defined by
Tk;i ¼ mðYk;i�1Þ �
f ðmðYk;i�1ÞÞ

F 0ðXkÞ
ði ¼ 1; . . . ;nÞ:
In particular, Yk;0 ¼ Xk and Tk;1 ¼ NðXkÞ. From the construction of the interval scheme (14) it is clear that if x� 2 Xk then
x� 2 Tk;i for each i ¼ 1; . . . ;n and hence x� 2 Xkþ1 ¼ Tk;n. Also, the following is valid
Xk ¼ Yk;0 � Yk;1 � Yk;2 � � � � � Yk;n ¼ Xkþ1:
In particular, a new two-step interval method is obtained from (14) for n ¼ 2:
Given X0 such that x� 2 X0 and 0 R F 0ðX0Þ;
Yk ¼ Xk \ NðXkÞ; NðXkÞ ¼ mðXkÞ � f ðmðXkÞÞ

F0 ðXkÞ
;

Xkþ1 ¼ Yk \ TðXkÞ; TðXkÞ :¼ mðYkÞ � f ðmðYkÞÞ
F 0ðXkÞ

;

8>><
>>: ðk ¼ 0;1; . . .Þ: ð15Þ
The two-step method (15) is an interval version of Traub’s two-step method (11) so that we will call it Traub-like interval
method.

For n ¼ 3 we obtain from (14) the three-step interval method
Given X0 such that x� 2 X0 and 0 R F 0ðX0Þ;
Yk ¼ Xk \ mðXkÞ � f ðmðXkÞÞ

F 0ðXkÞ

n o
;

Zk ¼ Yk \ mðYkÞ � f ðmðYkÞÞ
F0 ðXkÞ

n o
;

Xkþ1 ¼ Zk \ mðZkÞ � f ðmðZkÞÞ
F 0ðXkÞ

n o
;

8>>>>>>><
>>>>>>>:

ðk ¼ 0;1; . . .Þ: ð16Þ



Fig. 1. Geometric interpretation of Traub-like interval method (15).
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For simplicity, in what follows we restrict our attention to the Traub-like interval method (15). Properties and statements
of the n-step method (14) are then derived and proved in an analogous manner.

As well known, a geometric interpretation of ordinary Newton’s method xkþ1 ¼ xk � f ðxkÞ=f 0ðxkÞ is related to the intersec-
tion of a single tangent line with the x-axis. The interval Yk obtained in the first step (Newton–Moore’s method) is the inter-
val of all zeros of straight lines drawn through the point ðmðXkÞ; f ðmðXkÞÞÞwith the slope within F 0ðXkÞ (see the shaded area in
Fig. 1), where obviously f 0ðmðXkÞÞ 2 F 0ðXkÞ. In the case of the interval Traub-like method (15), the interval operator TðXkÞ is
defined by the intersections of the x-axis and two tangent lines with slopes corresponding to the lower and upper bounds of
F 0ðXkÞ drawn through the point mðYkÞ; f ðmðYkÞÞð Þ. These lines are represented by blue and red lines in Fig. 1.

4. Convergence analysis

The following statement asserts that the interval method (15) is cubically convergent.

Theorem 3. Let f be a given continuously differentiable function of a real variable x with a Lipschitz’ interval extension F 0ðXÞ of
f 0ðxÞ ðx 2 XÞ, and let x� be a simple real root in an interval ½x; �x� chosen in such a way that 0 R F 0ð½x; �x�Þ. Then there is an interval
X0 # ½x; �x� containing x� and a positive constant a such that
radðXkþ1Þ 6 aðradðXkÞÞ3 ð17Þ
and x� 2 Xk for all k P 0, where fXkg is the interval sequence defined by (15).
Proof. First, having in mind (6), the construction of the n-step method (14) and the fact that x� 2 X0, we prove by induction
that n 2 NðXkÞ and n 2 TðXkÞ, which means that n 2 Xk for all k P 0. Now let us assume that NðXkÞ# Xk and TðXkÞ# Yk. These
assumptions do not influence the order of convergence. Then it is sufficient to prove the relation (17) for Xkþ1 ¼ TðXkÞ. In this
proof we use midpoint-radius interval arithmetic.

For simplicity, we omit the iteration index k. Let e ¼ jmðXÞ � x�j ðmðXÞ; x� 2 XÞ. Supposing that the interval X is sufficiently
tight, then e ¼ OðradðXÞÞ. This fact will be often used in our analysis without being explicitly cited.

According to the result of Alefeld and Herzberger [[1] Theorem 5, p. 28] (see, also, [[11] Ch. 4]) there follows
radðF 0ðXÞÞ 6 a0 radðXÞ
and hence
F 0ðXÞ# ff 0ðmðXÞÞ;a1radðXÞg; ð18Þ
for some positive constants a0 and a1. Again, we assume that the interval X is sufficiently tight so that
0 R ff 0ðmðXÞÞ;a1radðXÞg; that is; jf 0ðmðXÞÞj > a1radðXÞ: ð19Þ
Note that F 0 is Lipschitz’ interval extension of f 0, see Definition 2.
Having in mind (19), by (1) we get
F 0ðXÞ�1 # ff 0ðmðXÞÞ;a1radðXÞg�1 ¼ f 0ðmðXÞÞ
q

;
a1radðXÞ

q

� �
#

f 0ðmðXÞÞ
q

;a2radðXÞ
� �

; ð20Þ
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where q ¼ jf 0ðmðXÞÞj2 � ða1radðXÞÞ2 > 0 (because of (19)) and a2 is some finite positive constant. Now we have
f 0ðmðXÞÞ
q

¼ 1
f 0ðmðXÞÞ

� 1

1� ða1radðXÞ=j f 0ðmðXÞÞjÞ2
¼ 1

f 0ðmðXÞÞ
ð1þ Oðe2ÞÞ ¼ 1

f 0ðmðXÞÞ þ OðeÞ
and then from (20) we obtain
F 0ðXÞ�1 #
1

f 0ðmðXÞÞ þ OðeÞ
;a2radðXÞ

� �
: ð21Þ
Hence,
m F 0ðXÞ�1
� �

¼ 1
f 0ðmðXÞÞ þ OðeÞ

; rad F 0ðXÞ�1
� �

6 a2radðXÞ: ð22Þ
Using (21) and (22) we find
NðXÞ ¼ mðXÞ � f ðmðXÞÞ � F 0ðXÞ�1 # mðXÞ � f ðmðXÞÞ � 1
f 0ðmðXÞÞ þ OðeÞ

;a2radðXÞ
� �

¼ mðXÞ � f ðmðXÞÞ
f 0ðmðXÞÞ þ OðeÞ

;a2jf ðmðXÞÞjradðXÞ
� �

:

Since x� is a simple root of f, we can write f ðmðXÞÞ ¼ ðmðXÞ � x�ÞgðmðXÞÞ ðgðx�Þ– 0Þ, wherefrom
jf ðmðXÞÞj ¼ jgðmðXÞÞjjmðXÞ � x�j ¼ OðeÞ ¼ OðradðXÞÞ for mðXÞ 2 X: ð23Þ
Returning to the interval Newton–Moore method (8) (assuming that Y ¼ NðXÞ), we have
mðYÞ ¼ mðNðXÞÞ ¼ mðXÞ � f ðmðXÞÞ
f 0ðmðXÞÞ þ OðeÞ

¼ mðXÞ � f ðmðXÞÞ
f 0ðmðXÞÞ

ð1þ OðeÞÞ:
Using Taylor’s series and (23) we obtain
f ðmðYÞÞ ¼ f mðXÞ � f ðmðXÞÞ
f 0ðmðXÞÞ

ð1þ OðeÞÞ
� �

¼ f ðmðXÞÞ þ f 0ðmðXÞÞ � f ðmðXÞÞ
f 0ðmðXÞÞ

ð1þ OðeÞÞ
� �

þ Oðe2Þ

¼ �f ðmðXÞÞOðeÞ þ Oðe2Þ;
wherefrom
f ðmðYÞÞ ¼ a3ðradðXÞÞ2 ð24Þ
for some finite constant a3.
Finally, by (22) and (24) we find that
radðTðXÞÞ ¼ jf ðmðYÞÞjrad F 0ðXÞ�1
� �

6 ja3jðradðXÞÞ2a2radðXÞ ¼ aðradðXÞÞ3 ða ¼ a2ja3jÞ;
which proves cubic convergence of the interval method (15). h

In a similar way we can prove that the order of convergence of the three-step interval method (16) is four. In general,
using the estimate
radðXkþ1Þ ¼ j f ðmðTk;n�1ÞÞjrad F 0ðXkÞ�1
� �

6 aðradðXkÞÞnbradðXkÞ ¼ cðradðXkÞÞnþ1
we conclude that the order of convergence of the n-step method (14) is nþ 1.
Let us consider computational efficiency of the n-step interval scheme (14) using Traub–Ostrowski efficiency index

E ¼ r1=h, where r is the order of convergence of the studied method and h is the number of function evaluations in real arith-
metic. We assume that 0 R F 0ðXÞ ðX ¼ ½x; �x�Þ so that the interval extension F 0ðXÞ is calculated by (18) (two function evalua-
tions). Together with the calculations of f ðmðYk;0ÞÞ; . . . ; f ðmðYk;n�1ÞÞ, it follows that the total number of function evaluations of
the n-step interval method (14) (of the order r ¼ nþ 1) is h ¼ nþ 2. Therefore, the efficiency index is
En ¼ ðnþ 1Þ1=ðnþ2Þ ðn ¼ 1;2; . . .Þ
and we calculate
E1 
 1:260 ðNewton-like interval methodÞ;
E2 
 1:316 ðTraub-like interval methodÞ;
E3 
 1:319:
For n > 3 we obtain En < E2 < E3 so that we conclude that the n-step methods for n > 3 are not of practical importance.
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The efficiency index E3 
 1:319 of the method (16) is slightly greater than E2 
 1:316 of the Traub-like interval method
(15). However, the three-step method (16) requires additional arithmetic operations (multiplication, division) in the imple-
mentation, the so-called combined cost, so that this cost decreases the mentioned (negligible) advantage. It could be said that
the computational capacities of the methods (15) and (16) are approximately the same. The user can choose one of these two
methods depending on the nature of the problem to be solved and other specific requirements (desired accuracy, the total
number of iterations, etc.).

5. Extended interval methods

In what follows we will present an important application of the n-step interval method (15) in extended interval arith-
metic. It is worth noting that the case 0 2 F 0ðXkÞ for some k P 0 can be handled using extended interval arithmetic, see [5,12].
For this purpose, consider the case 2� of division by zero-interval (see Introduction) and let X ¼ ½x; �x� be an interval not nec-
essarily containing a root of a given function. We start from the first step with Newton’s interval operator. Assume that
0 2 F 0ðXÞ ¼ ½c; d� giving F 0ðXÞ�1 ¼ ½�1;1=c� [ ½1=d;þ1�. Then we consider two separate intervals
N1ðXÞ ¼ mðXÞ � f ðmðXÞÞ½�1;1=c�; N2ðXÞ ¼ mðXÞ � f ðmðXÞÞ½1=d;þ1�:
After the intersection with the interval X ¼ ½x; �x�, we obtain two separate intervals
Y1 ¼ X \ N1ðXÞ ¼ x;mðXÞ � f ðmðXÞÞ
e1

h i
or ; ðempty setÞ;

Y2 ¼ X \ N2ðXÞ ¼ mðXÞ � f ðmðXÞÞ
e2

; �x
h i

or ; ðempty setÞ;

8><
>: ð25Þ
where
e1 ¼
d; if f ðmðXÞÞ > 0
c; if f ðmðXÞÞ < 0

�
; e2 ¼

c; if f ðmðXÞÞ > 0
d; if f ðmðXÞÞ < 0

:

�

Now we apply the n-step method (14) (preferably taking n ¼ 1; 2 or 3) to each of the non-empty intervals Y1 and Y2. If both
intersections are empty (that is, Y1 ¼ Y2 ¼ ;), then the given interval X does not contain the root.

The cases 1� and 3� are treated in a similar way. Fig. 2 concerned with Example 7 serves for demonstration.
The following example points to the important advantage of interval methods consisting of the control of accuracy of

obtained results, contrary to ordinary iterative methods realized in real arithmetic.

Example 1. Let us consider a very simple function f ðxÞ ¼ x2 � 0:99. Starting with x0 ¼ 0:01, we apply ordinary Newton’s
method xkþ1 ¼ xk � f ðxkÞ=f 0ðxkÞ in double-precision floating point arithmetic. After 10 iterations we obtain the approxima-
tion x10 ¼ 0:9949874393942589 to the positive root of f. How many decimal digits of x10 are correct? Standard error analysis,
including information that Newton’s method is quadratically convergent, does not give the answer to this question. On the
other hand, applying the interval Newton–Moore method (8) with rather wide initial interval X0 ¼ ½�2;2�, we first obtain the
interval extension f 0ð½�2;2�Þ ¼ ½�4;4� and then by (25) two separate intervals ½�2;�0:2475� and [0.2475,2], each of which
contains one root of f. Iterating (15) for the interval [0.2475,2], we obtain in the third iteration
X3 ¼ ½0:9949874371066186;0:9949874371066206�;
mðX3Þ ¼ 0:994987437106619; radðX3Þ ¼ 1:01� 10�15:
According to the value of radðX3Þ we can assert that 13 decimal digits of the bounds of X3 (underlined above) are correct.
Consequently, this interval approach provided us the information about the error of the approximation
Fig. 2. Traub-like interval method in extended interval arithmetic (Example 7).
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x10 ¼ 0:9949874393942589 whose 8 correct digits are now underlined. The presented example points to the great benefit of
using interval arithmetic in finding rigorous errors of the desired solution.
6. Numerical examples

Implementation of interval methods is carried out using so-called rounded interval arithmetic based on adding and
subtracting a string of bits, see [11 p. 4–16], [1 Ch. 4] or computational software program INTLAB, Matlab toolbox for
self-validating algorithms, developed by S. Rump [20] (see the internet site <www.ti3.tuhh.de/intlab>). If a very high accu-
racy is required, then the so-called significance arithmetic, combined with interval arithmetic, both realized in Wolfram’s
computational software program Mathematica, gives precise and reliable interval results (see [9]). We omit details on the
implementation techniques in this manuscript since this subject was considered in many existing papers.

Contrary to ordinary one-point methods (such as Newton’s, Halley’s, Chebyshev’s, Laguerre’s, etc.) implemented in real
arithmetic, the n-step interval method (14) is never divergent. Namely, due to the use of intersections, the nested sequence
X0 � X1 � X2 � � � � is bounded. As mentioned above, if X0 is sufficiently tight, then this sequence of inclusion intervals is
strongly nested and the convergence is guaranteed. To illustrate this difference, we give two examples.

Example 2. The following illustrative example of the difference between ordinary and interval Newton’s method was
presented in Moore’s book [10, p. 68] taking the function f ðxÞ ¼ x1=3 ¼ sgnx jxj1=3. Calculating with the interval extension
F 0ðXÞ ¼ X�2=3=3 and applying the Newton-Moore interval method (8) or Traub-like interval methods (15) and (16), we find
that the monotonically contracted interval sequence contains the solution x ¼ 0 in each iteration. Its convergence is
quadratic, that is, the width wðXkÞ of Xk is no more than 2�kwðX0Þ. On the other hand, the ordinary (point) Newton method
xkþ1 ¼ xk � f ðxkÞ=f 0ðxkÞ reduces to the iteration
xkþ1 ¼ �2xk:
which diverges from any x0, except the solution itself.
Example 3. For f ðxÞ ¼ x3 � 3xþ 2:001 and X0 ¼ ½�3;3�, the n-step method produces in extended interval arithmetic two
sequences of contracting intervals (see Example 6), while ordinary Newton’s method for any x0 > �1 oscillates near a point
where f ðxÞ has a local extremum but jf ðxÞj is very small. For example, starting with x0 ¼ �0:5, Newton’s method generates a
non-convergent sequence
x1 ¼ 1:00044; x2 ¼ 0:62530; x3 ¼ 0:82759; x4 ¼ 0:91756;
x5 ¼ 0:96148; x6 ¼ 0:98528; x7 ¼ 1:00406; x8 ¼ 0:96110;
x9 ¼ 0:98505; x10 ¼ 1:00378; x20 ¼ 1:00392; x30 ¼ 1:12402:
To illustrate rapid convergence of the interval methods (15) and (16), we present four examples.
Example 4. Suppose that we wish to find a very tight enclosure for the simple root x� ¼ 3 of the function
f ðxÞ ¼ ðx3 � 27Þex=10 þ cosð3� xÞ � 1;
which lies in the interval X0 ¼ ½2:3;3:3�. Applying the two-step interval method (15) we obtain
mðX1Þ ¼ 2:9799; radðX1Þ ¼ 3:01� 10�2;

mðX2Þ ¼ 2:9999968; radðX2Þ ¼ 4:62� 10�6;

mðX3Þ ¼ 2:999999999999999989; radðX3Þ ¼ 1:60� 10�17;

mðX4Þ ¼ 2:99999999999999999999999999999999999999999999999999955; radðX4Þ ¼ 6:61� 10�52:
The three-step interval method (16) produces the following results:
mðX1Þ ¼ 3:00707; radðX1Þ ¼ 1:15� 10�2;

mðX2Þ ¼ 3:0000000007003; radðX2Þ ¼ 1:14� 10�9;

mðX3Þ ¼ 3:0000000000000000000000000000000000000711; radðX3Þ ¼ 1:16� 10�37:
The radius radðXkÞ of the interval Xk gives the upper error bound of the solution given by mðXkÞ.
Example 5 [4,12]. The odd-numbered transverse electric modes of a glass slab waveguide have permitted incidence angles
given by hi

http://www.ti3.tuhh.de/intlab
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tan
3
2
p cos hi

� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2 hi � 4=9

q
cos hi

:

It is necessary to find all solutions hi that lie in the interval p
8 ;

p
2

	 

.

Let us rewrite the given relation in the form f ðxÞ ¼ 0 ðx ¼ hiÞ, where
f ðxÞ ¼ cos x tan
3
2
p cos x

� �
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsin xÞ2 � 4=9

q
:

The derivative of f is given by (See Fig 3)
f 0ðxÞ ¼ � tan
3
2
p cos x

� �
� 3

2
p sin x cos x

cos2 3
2 p cos x
� �� 3 sin x cos xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

5� 9 cos2 x
p : ð26Þ
An elementary analysis shows that the function f has the vertical asymptote at the point x ¼
arccosð1=3Þ ¼ 1:230959417 . . .. Besides, it must be cos2 x 6 5=9, and (according to the condition of the task) x 2 p

8 ;
p
2

	 

. Find-

ing permitted intervals for x from these conditions we conclude that we can evaluate an interval extension of (26) only on
the two intervals
arccosð
ffiffiffiffiffiffiffiffi
5=9

p
Þ; arccosð1=3Þ

h i
¼ ½0:729727 . . . ;1:230959�;

arccosð1=3Þ;p
2

h i
¼ ½1:230959 . . . ;1:570796 . . .�;
whose bounds are displayed up to 6 correct decimal digits. In our numerical example we will start with the following inter-
vals X0 ¼ ½0:73;1� 	 ½0:729727 . . . ;1:230959� and X0 ¼ ½1:24;1:37� 	 ½1:230959 . . . ;1:570796 . . .�.

Applying the third order interval method (15) we obtain the following inclusion intervals fmðXkÞ; radðXkÞg:
X0 ¼ ½0:73;1�;

mðX1Þ ¼ 0:77265; radðX1Þ ¼ 2:00� 10�2;

mðX2Þ ¼ 0:7655073926; radðX2Þ ¼ 5:62� 10�7;

mðX3Þ ¼ 0:7655078498669582923794; radðX3Þ ¼ 2:01� 10�19;

mðX4Þ ¼ 0:7655078498669582923420497335389590244431023642581007902472;

radðX4Þ ¼ 9:18� 10�57;

X0 ¼ ½1:24;1:37�;

mðX1Þ ¼ 1:30833; radðX1Þ ¼ 3:94� 10�3;

mðX2Þ ¼ 1:30958434; radðX2Þ ¼ 1:55� 10�6;

mðX3Þ ¼ 1:30958480344957706688; radðX3Þ ¼ 9:61� 10�17;

mðX4Þ ¼ 1:3095848034495770951142766784393424812096668817474659;

radðX4Þ ¼ 2:30� 10�47:
All accurate decimal digits of the midpoints (approximation to the root) are underlined. Considering the sequence of radii
of inclusion intervals we can observe the cubic convergence of the employed method (15).
Fig. 3. Graph of the function f (Example 5).



Fig. 4. Graph of the function f (Example 6).
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Example 6 [11, pp. 66–67]. Find a root of the cubic equation f ðxÞ ¼ x3 � 3xþ 2:001 in the interval X0 ¼ ½�3;3�. (See Fig 4)
Since f 0ðxÞ ¼ 3x2 � 3, the interval extension is F 0ðXÞ ¼ 3X2 � 3. Maximal and minimal values of f 0ðxÞ on the interval ½�3;3�

are 24 and �3, respectively, so that F 0ðX0Þ ¼ ½�3;24�. Using extended interval arithmetic we obtain
1
F 0ðX0Þ

¼ �1;�1
3

 �
[ 1

24
;þ1

 �
:

It turns out that, after a finite number of Newton–Moore’s interval iterations (8), one obtains X \ NðXÞ ¼ empty set for the
interval X ¼ 1

24 ;þ1
	 


in the above union. This means that there is no real root of f ðxÞ in the interval 1
24 ;þ1
	 


.
Let us concentrate on the interval �1;� 1

13

	 

. Applying Newton–Moore’s iterations (8), we obtain (see [11, p. 67])
X1 ¼ ½�3;�0:083375�;X2 ¼ ½�3;�1:66526�; . . . ;X7 ¼ ½�2:0001112;�2:0001110�:
We can take mðX7Þ ¼ �2:0001111 as an approximation to the root of f ðxÞ with the upper error bound radðX7Þ ¼ 1:� 10�7.
If we start from the interval X2 ¼ ½�3;�1:66526�, found by (8), and apply the third order interval method (15) of Traub’s

type, we calculate
mðX3Þ ¼ �1:998; radðX3Þ ¼ 9:76� 10�2;

mðX4Þ ¼ �2:000111065; radðX4Þ ¼ 8:92� 10�7;

mðX5Þ ¼ �2:0001111028817250496541; radðX5Þ ¼ 1:17� 10�21:
Note that the intervals X7, obtained by the interval Newton–Moore method (8) and X4, obtained by the interval Traub-like
method (15), are comparable.

Starting from the same interval X2 ¼ ½�3;�1:66526�, the three-step method (16) produces significantly smaller intervals:
mðX3Þ ¼ �2:00016; radðX3Þ ¼ 1:01� 10�3;

mðX4Þ ¼ �2:00011110288172514; radðX4Þ ¼ 1:35� 10�16:
Example 7 [12, Excercise 8.8]. We have applied extended interval arithmetic to the function
f ðxÞ ¼ x3 � 3x2 þ 8
3

with the roots n1 ¼ �0:833987; n2 ¼ 1:22607; n3 ¼ 2:60791
on the interval X0 ¼ ½1;3� (see Fig. 2). It is interesting to note that positive solutions of this equation give the depth x (in ft) to
which a wooden sphere of radius 1 ft and specific gravity 2/3 will sink in the water. Applying extended arithmetic and (25)
we find two new intervals [1,14/9] and [58/27,3], each of which contains simple isolated roots n2 and n3, respectively.
Now we can apply the faster Traub-like interval method (15) to find very tight inclusion intervals for positive roots n2

and n3.
The presented Examples 4–7 show good properties of the proposed methods (15) and (16). The control of accuracy by the

information of the upper error bound of the produced result arises from the use of interval arithmetic and the inclusion
property. The new methods (15) and (16) give very tight intervals in only few iterations converging globally with the order
three and four, respectively. In the previous section we have shown that these two interval methods are more efficient than
the Newton–Moore method (8).
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7. Conclusions

There are several differences between (point) methods realized in floating-point arithmetic (shorter FPAM) and interval
arithmetic methods (shorter IAM) such as: (i) impossibility to determine precisely the accuracy of calculated solution when
FPAM are applied, as illustrated in Example 1; (ii) possible divergence of FPAM contrary to the guaranteed convergence of
IAM (see Example 3); (iii) useful application of IAM in extended interval method for finding two or more non-isolated zeros
(not possible by FPAM) (Examples 5 and 6).

In general, the main advantages of interval root-finding methods are automatic enclosure of the exact solution (which can
be of great importance in many practical problems of engineering, economics, astronautics, etc.) and their global conver-
gence to the solution. In particular, the extended interval methods have an additional power and elegant feasibility to com-
pute all zeros of a function in a given interval using division by an interval that includes 0. Point root-finding methods do not
possess these useful properties.

On the other hand, methods realized in interval arithmetic are slower and more expensive (in the sense of computational
cost) than methods running in floating-point arithmetic. Computer scientists, software and hardware engineers hope that
this shortcoming will be eliminated very soon using powerful computer hardware and the fifth operation (beside four basic
operations) – the exact scalar product, which essentially means exact multiply and accumulate instruction. For more details
see the book [5]. For the mentioned higher computational cost, the application of self-validated methods is not always the
better choice. In practice, before applying a numerical algorithm, the user should estimate what is more profitable; cheaper
(from a computational point of view) algorithm in floating-point arithmetic, or more expensive interval algorithm supplied
with their advantages mentioned above.
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