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Abstract The Schröder iterative families of the first and second kind are of great

importance in the theory and practice of iterative processes for solving nonlinear

equations f (x) = 0. In both cases, the methods Er (first kind) and Sr (second kind)

converge locally to a zero α of f as O(|xk − α|r). Although characteristics of these

families have been studied in many papers, their dynamic and chaotic behavior has

not been completely investigated. In this paper, we compare convergence properties

of both iterative schemes using the two methodologies: (i) comparison by numerical

examples and (ii) comparison using dynamic study of methods by basins of attraction

that enable their graphic visualization. Apart from the visualization of iterative pro-

cesses, basins of attraction reveal very useful features on iterations such as consumed

CPU time and average number of iterations, both as functions of starting points. We

demonstrate by several examples that the Schröder family of the second kind Sr pos-

sesses better convergence characteristics than the Schröder family of the first kind

Er .
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1 Introduction

In many papers, the quality of iterative methods for solving nonlinear equations is

performed only using numerical experiments and the study of computational effi-

ciency of the considered root-finding methods based on convergence order and

computational costs. It is assumed that initial approximation x0 is sufficiently close

to the sought zero of a given function f so that the tested method xk+1 = g(f ; xk) is

always convergent. However, convergence behavior differs for various methods and

strictly depends on the choice of starting point as well as the structure of a tested

function f and the distribution of zeros of f . Therefore, the described comparison

methodology most frequently is not sufficient to give a real estimation of the quality

of these methods and, consequently, their proper ranking.

For the reasons mentioned above, a new approach to genuine research of con-

vergence properties of root-finding methods was indispensable for decades. Starting

from the works [36, 39] and [40], and many consequent papers (for instance, [1–4, 7–

10, 12, 19, 24–26, 34]), a new methodology for investigating convergence properties,

dynamic study, has been developed during the last two decades in order to overcome

the mentioned drawback. This new approach was provided by computer graphics,

in particular, by plotting basins of attraction as a function of starting points. Beside

a much better insight into visualization in approximating function zeros, especially

in regard to areas of convergence, this methodology offers additional very useful

information on iterations such as the total CPU time for the whole attractor basin

and average number of iterations for each tested method. Obviously, the mentioned

approach enables significantly better understanding of iterative processes.

Schröder’s families of the first and second kind are certainly two very important

families of iterative methods for solving nonlinear equations. They were derived by

E. Schröder [33] in 1870 (see, also, the translation [37]) but they have been forgotten

(or neglected) for more than 70 years. Many details on these families can be found

in the books [20] and [38]. In this paper, our attention will be paid to the compar-

ison of convergence properties of Schröder’s families using (i) classical method of

comparison of accuracy of approximations to the zero and (ii) recently developed

method of computer graphics, known as dynamic study based on basins of attraction.

Note that an earlier study of these families was presented in the papers [40] (referred

there as Schröder’s and König’s family) and [19] (for Schröder’s family of the first

kind), mainly devoted to extraneous points, i.e., fixed points which are not zeros of f .

Results of the papers [40] and [19] motivated us to a certain extent to investigate the

convergence behavior of Schröder’s families. The study of extraneous points, periodi-

cal behavior, dynamical planes and other anomalies, applied to quadratic polynomials

(see. e.g., [7, 11, 13, 23] and references cited therein), is not considered in this paper.

However, such study can certainly be of interest for dynamical analysis of the partic-

ular members of Schröder’s families as a challenging theme. Some other important

features, first of all the domain of “convergent points” (the topic belonging to famous

Smale’s Point estimation theory, see [35] and the book [27]) and conditions for guar-

anteed convergence, were also not considered. Actually, the main aim of this paper is

the comparison of two generalized families of iterative methods from a global point

of view and we found that two aforesaid methodologies (discussed in Sections 3 and
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4 in details) are sufficient to realize the set goal. The presented comparison analysis

and conclusions derived from that analysis are the main contribution of this paper.

Our presentation is organized as follows. Schröder’s families of the first (Er ) and

second kind (Sr ) are exposed in Section 2. These families are tested numerically for

solving 4 algebraic and transcendental equations taking r = 3, 4, 5, 6. The errors

of approximations and the informational accuracy are displayed in Section 3. The

dynamic study of Schröder’s families is considered in Section 4; basins of attractions

for 4 algebraic polynomials and r = 3, 4, 5, 6 and corresponding iteration data are

exposed through 16 figures and Table 5. Concluding comments are given at the end

of Section 4 and in Section 5.

2 Schröder’s families of the first and second kind

Let us introduce the abbreviations

u(x) =
f (x)

f ′(x)
, Cν(x) =

f (ν)(x)

ν!f ′(x)
(ν = 1, 2, . . .).

Schröder’s method of the first kind [33] (see, also, the translation [37]) is often

presented in the form

Er(x) = x +

r−1
∑

k=1

(−1)k
f (x)k

k!

(

f −1
)(k)

(f (x)), (1)

where f −1 is the inverse of f . The order of convergence of the method (1) is

r (r ≥ 2). Since the inverse (f −1)(r)(f (x)) is not convenient for calculation, the

basic sequence Er is usually generated by a more convenient technique based on the

difference-differential relation (see [38, Lemma 5-3])

E2(x) = x − u(x) (Newton’s method), (2)

Er+1(x) = Er(x) −
u(x)

r
E′

r(x), (k ≥ 2). (3)

According to (2) and (3), we obtain the first few Er (omitting the argument x, for

simplicity):

E3 = E2 − C2u
2, (Chebyshev’s method), (4)

E4 = E3 − (2C2
2 − C3)u

3, (5)

E5 = E4 − (5C3
2 − 5C2C3 + C4)u

4, (6)

E6 = E5 − (14C4
2 − 21C2

2C3 + 6C2C4 + 3C2
3 − C5)u

5. (7)

The notation Er for the family (1) was introduced by Traub [38, p. 81] ascribing Er

to Euler quoting his Opera Omnia, Ser. I, Vol. X, pp. 422–455.

The Schröder method of the second kind, or Schröder-König method, is defined

by

Sr(x) = x − u(x)
Pr−2(x)

Pr−1(x)
, (r ≥ 2) (8)
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(S stands for Schröder). Pk in (8) is calculated by the following recursive relation:

Pk(x) =

k
∑

ν=1

(−1)ν+1 [u(x)]ν−1 Cν(x)Pk−ν(x), P0(x) = 1, C1(x) = 1, (k ≥ 1).

(9)

Remark 1 In the literature (see, e.g., [6, 17, 40]) the family of iterative methods (8)

is sometimes named König’s or Schröder-König’s iterative family. Namely, Schröder

[33] (the paper written in German and translated in English by G. W. Stewart [37])

considered zeros only of a rational function f and derived (8) using the development

to partial fractions. On the other hand, König [22] obtained (8) in a natural and ele-

gant way using the development of a general function f in Taylor’s series under the

condition that f has only a single pole in the neighborhood of the sought zero of f .

In this paper, we will call (8) Schröder’s family of the second kind, as noticed above.

It is interesting to note that this method was rediscovered several time by various

authors in different forms in a very long period from 1884 until 1997, which was

presented in details in [28].

Using the relation (9) and suppressing the argument of functions for brevity, we

obtain for r = 2, . . . , 6:

Newton’s method of the order 2:

S2 = x − u (= E2);

Halley’s method [16] of the order 3:

S3 = x −
u

1 − C2u
; (10)

Kiss’ method [21] of the order 4:

S4 = x −
u(1 − C2u)

1 − 2C2u + C3u2
; (11)

Kiss’ method [21] of the order 5:

S5 = x −
u(1 − 2C2u + C3u

2)

1 − 3C2u + (2C3 + C2
2)u2 − C4u3

; (12)

Method of the order 6:

S6 = x −
u

[

1 − 3C2u + (2C3 + C2
2)u2 − C4u

3
]

1 − 4C2u + (3C2
2 + 3C3)u2 − (2C2C3 + 2C4)u3 + C5u4

. (13)

The results of iterative methods of very high order (say, greater than 4 or 5) are

of limited importance for the problems appearing in practice; namely, approxima-

tions to the zeros with 30 or more accurate digits of mantissa (see Tables 2 and 3)

are rarely required for solving practical problems. However, their study is of signifi-

cant theoretical interest and lead to the better understanding of iterative processes in

general.
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Table 1 Tested functions

f (x) x0 α

f1(x) =

(

ex2+6x−6 − 1
)

(

x2 + 1
)

2.2 2

f2(x) = xex2
− sin2 x + 3 cos x + 5 −0.7 −1.207647827130918927009 . . .

f3(x) = x8 − x7 + x4 − x3 + x − 1 1.2 1

f4(x) =
(

x2 + 16
)

sin(x + 2 − i) −1.7 −2 + i

Let IM be an iterative method of the order of convergence r and let d be the

number of function evaluations per iteration in the implementation of this method.

Until a decade ago, the efficiency index EI (IM) = r1/d (see [38, p. 12]) has been

used most frequently for estimating the quality and efficiency of iterative methods.

Consider the set F of iterative root-finding methods ϕ1, . . . , ϕm of the same order

of convergence r and the same number of function evaluations d . In practice, the

following question often arises: Which method from the set F is the most convenient?

It is assumed that a root-finding method from the set F is the most convenient if

it produces the most accurate approximations to the zeros consuming minimal CPU

time under the same initial conditions.

The answer to the above question is not an easy task. Namely, efficiency indices

EI (ϕ1) = · · · = EI (ϕm) = r1/d are equal so that other measures have to be applied

in the estimation of quality of methods. Considering the posed question one should

take into account additional difficulty that convergence behavior of iterative methods

Table 2 Errors of approximations: Schröder’s methods Er of the first kind

Functions Methods |x1 − α| |x2 − α| |x3 − α| COC by (15)

E3 (4) 4.97(−2) 1.55(−3) 6.29(−8) 2.788

f1 E4 (5) 2.98(−2) 5.59(−5) 9.31(−16) 3.888

E5 (6) 1.88(−2) 1.04(−6) 6.99(−28) 4.939

E6 (7) 1.22(−2) 9.90(−9) 3.51(−45) 5.965

E3 (4) 4.86(−2) 2.81(−4) 5.55(−11) 2.952

f2 E4 (5) 2.21(−2) 9.88(−7) 3.96(−24) 3.986

E5 (6) 1.02(−2) 7.32(−10) 1.39(−45) 4.995

E6 (7) 4.70(−3) 1.09(−13) 1.72(−77) 5.998

E3 (4) 4.92(−2) 1.41(−3) 3.94(−7) 2.919

f3 E4 (5) 2.96(−2) 4.22(−5) 2.02(−16) 3.918

E5 (6) 1.85(−2) 5.58(−7) 1.53(−29) 4.962

E6 (7) 1.18(−2) 3.13 − 9 1.09 − 48 5.982

E3 (4) 0.177 1.61(−3) 9.08(−10) 3.087

f4 E4 (5) 0.129 5.02(−5) 9.80(−19) 4.026

E5 (6) 0.104 1.63(−6) 1.74(−30) 4.988

E6 (7) 8.55(−2) 3.85(−8) 4.62(−46) 5.969
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Table 3 Errors of approximations: Schröder’s methods Sr of the second kind

Functions Methods |x1 − α| |x2 − α| |x3 − α| COC by (15)

f1 S3 (10) 2.61(−2) 7.99(−5) 2.41(−12) 2.946

S4 (11) 3.88(−3) 6.02(−10) 3.50(−37) 3.996

S5 (12) 1.28(−4) 1.10(−20) 5.16(−101) 5.000

S6 (13) 2.22(−5) 2.93(−29) 1.58(−172) 6.000

f2 S3 (10) 1.53(−2) 9.82(−7) 2.41(−19) 2.999

S4 (11) 2.76(−3) 2.14(−11) 7.75(−44) 4.001

S5 (12) 4.78(−4) 5.16(−18) 7.59(−88) 5.000

S6 (13) 1.88(−4) 8.86(−24) 1.22(−93) 6.000

f3 S3 (10) 2.73(−2) 6.97(−5) 1.05(−12) 2.969

S4 (11) 3.58(−3) 6.80(−10) 9.17(−36) 3.994

S5 (12) 1.07(−3) 1.50(−14) 8.38(−69) 5.001

S6 (13) 6.28(−4) 2.26(−19) 4.69(−112) 6.001

f4 S3 (10) 0.127 3.58(−4) 7.65(−12) 3.014

S4 (11) 6.36(−2) 3.97(−7) 7.00(−28) 3.985

S5 (12) 1.60(−2) 1.61(−11) 1.70(−56) 4.999

S6 (13) 6.83(−3) 2.29(−16) 3.12(−97) 6.001

Fig. 1 Informational accuracy Ia for E4 (red) and S4 (blue) and f1 (left) and f2 (right)

Fig. 2 Informational accuracy Ia for E4 (red) i S4 (blue) and f3 (left) and f4 (right)
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Table 4 Tested functions and

their zeros p(x) Zeros

p1(x) = x4 − 1 ±1, ±i

p2(x) = x3 + 3x2 + x − 5 1, −2 ± i

p3(x) = x4 − x 0, 1, eiπ/6, e−iπ/6

p4(x) = x5 + 2x4 + 2x3 + 10x2 + 25x 0, 1 ± 2i, −2 ± i

strongly depends on the closeness of initial approximation to the desired zero and the

structure of function whose zero is sought. Global convergence is often taken into

account as a very desirable property.

In our concrete case, it is also EI (Er) = EI (Sr) (= r1/r). In order to obtain a

better insight into the quality of the methods from Schröder’s families Er and Sr , we

will compare Er and Sr using two methodologies:

1) Comparison by numerical examples;

2) Comparison using dynamic study.

}

(14)

Since E2 = S2 (Newton’s method), we are concerned with Schröder’s methods of

order r ∈ {3, 4, 5, 6}. The study of methods Er and Sr for r > 6 has no any practical

importance. In addition, we will give a short analysis of convergence behavior of

methods within the same class (Er and, separately, Sr ).

3 Numerical examples

We have tested iterative methods E3, E4, E5, E6 and S3, S4, S5, S6. The iterative

methods are defined by xk+1 = Er(xk) and xk+1 = Sr(xk) (k = 0, 1, . . .) start-

ing with a suitably chosen initial approximation x0. These methods have very fast
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Fig. 3 Basins for E3 and S3, p1(x) = x4 − 1
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Fig. 4 Basins for E3 and S3, p2(x) = x3 + 3x2 + x − 5

convergence producing approximations of high accuracy. For this reason, we have

employed multi-precision arithmetic in computer algebra system Mathematica. The

tested functions are displayed in Table 1, together with the initial approximation x0

and the zero α of fk .

We have mentioned that the subscript index r in Er and Sr defines the theoretical

order of convergence r of the families Er and Sr . However, the convergence behav-

ior of iterative methods in practice depends on many factors, such as the closeness

of chosen initial approximation x0 to the sought zero α and the structure of tested

function f . For this reason, for the sake of comparison, beside the absolute errors

of approximations we have displayed in Tables 2 and 3 the so-called computational
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Fig. 5 Basins for E3 and S3, p3(x) = x4 − x
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Fig. 6 Basins for E3 and S3, p4(x) = x5 + 2x4 + 2x3 + 10x2 + 25x

order of convergence rc (COC, for brevity) using the approximate formula [18]

rc =
log |f (xk+1)/f (xk)|

log |f (xk)/f (xk−1)|
. (15)

In Table 2, we have presented the errors of approximations εk = |xk − α| (k =

1, 2, 3) produced by Schröder’s methods Er (r = 3, 4, 5, 6). The denotation A(−h)

means A × 10−h and it was also used in Table 3, where the errors of approximations

of Schröder’s methods Sr are given.

To control the accuracy of obtained approximations, we have introduced the so-

called informational accuracy Ia = − log10 |xk −α|. Actually, Ia is very close to the

number of correct decimal digits h of the approximation xk in the entry A×10−h (h >

0). Having in mind this fact, from Tables 2 and 3 we observe that Schröder’s method

of the second kind Sr gives significantly better results than Schröder’s method of
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Fig. 7 Basins for E4 and S4, p1(x) = x4 − 1
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Fig. 8 Basins for E4 and S4, p2(x) = x3 + 3x2 + x − 5

the first kind Er for all tested functions, that is, Ia(Sr , fk) > Ia(Er , fk) for each

r ∈ {3, 4, 5, 6} and all tested functions f1–f4. For demonstration, the graphic pre-

sentation of the informational accuracy is given in Figs. 1 and 2 for the test functions

f1–f4 and the methods E4 and S4. The same outcomes happened for another 20

tested functions of different forms, not listed in this paper to save the space.

From the last columns in Tables 2 and 3 we observe that the computational order of

convergence rc mainly matches well the theoretical order, especially for Schröder’s

family of the second kind. The explanation is simple: rc is calculated by (15) using

the last three iterations. Since just three iterations were executed, rc for Sr is closer

to r due to better approximations to the zero (in particular, in the first iteration, see

Tables 2 and 3).
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Fig. 9 Basins for E4 and S4, p3(x) = x4 − x
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Fig. 10 Basins for E4 and S4, p4(x) = x5 + 2x4 + 2x3 + 10x2 + 25x

4 Dynamic study

At the end of the twentieth century, the rapid growth of powerful computer hard-

ware and computer graphics have enabled the development of a new methodology for

visual study of convergence behavior of algorithms for solving nonlinear equations,

based on the notion of basin of attraction.

Definition 1 Let f be a given sufficiently many times differentiable function in some

complex domain D ⊆ C with the zeros α1, α2, . . . , αm ∈ D, and a (convergent) root-

finding iteration defined by xk+1 = g(f ; xk), the basin of attraction for the zero αi

of f is defined as follows:

Bf,g(αi) = {ξ ∈ D | the iteration xk+1 = g(f ; xk) with x0 = ξ converges to αi}.
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Fig. 11 Basins for E5 and S5, p1(x) = x4 − 1
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Fig. 12 Basins for E5 and S5, p2(x) = x3 + 3x2 + x − 5

Basins of attraction of iteration functions, although known for a century, became

a new powerful tool for visual study of the convergence behavior of root-finding

methods as a function of the various starting points. As noted in Introduction, this

approach has enabled the dynamic and chaos study of root-finding methods, not only

for visual understanding how these methods behave, but also for providing some use-

ful quantitative issues as a criterion for comparison, first of all the total CPU time

and average number of iterations for all starting points belonging to the considered

region. These fruitful characteristics of basins of attraction, combined with compu-

tational efficiency and outcomes of numerical examples of tested functions, have led

to a considerably better understanding of iterative processes and their proper ranking.

The knowledge of the rank of root-finding methods, at least approximately, is always

useful for the user. Many details of dynamic study of iterative root-finding methods
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Fig. 13 Basins for E5 and S5, p3(x) = x4 − x
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Fig. 14 Basins for E5 and S5, p4(x) = x5 + 2x4 + 2x3 + 10x2 + 25x

can be found in references cited in Introduction and the excellent Kalantari’s book

[20].

In this paper, we use both results of numerical experiments and basins of attrac-

tion for comparison of Schröder’s families of the first and second kind. Basins of

attractions have been plotted using the program written in computer algebra system

Mathematica. The basins for the pairs of methods (Er , Sr) (r = 3, 4, 5, 6) for the

polynomial p1–p4, listed in Table 4, are given in Figs. 3, 4, 5, 6, 7, 8, 9, 10, 11, 12,

13, 14, 15, 16, 17 and 18.

The methods Er and Sr (r = 3, 4, 5, 6) have been tested for the 360 000 equally

spaced points of the square Q(x, y) = {(x, y) | − 3 ≤ x ≤ 3, −3 ≤ y ≤ 3}

centered at the origin. For each basin we have collected data about the total CPU

time (in seconds) for all 360 000 points, average number of iterations (for all points
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Fig. 15 Basins for E6 and S6, p1(x) = x4 − 1
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Fig. 16 Basins for E6 and S6, p2(x) = x3 + 3x2 + x − 5

of the square Q) required to reach the accuracy |xk − α| < 10−6 and the number

of divergent points for each method of the family Er and each method of the family

Sr , see Table 5. We assign one of five colors to each attraction basin of a root in the

following way: each basin is painted by a different color and the shading is lighter

(darker) as the number of iterations is lower (higher). We allow the maximum of 40

iterations from every initial point; if the number of iterations exceeds 40 then we treat

the initial point as divergent one and paint it black. Obviously, it is desirable for a

method that the number of divergent points is as small as possible (the best case is

the complete absence of divergent points).

Clearly, it is preferable that the basin of attraction for each zero has unvaried large

areas without (or with a few) divergent (“black”) points and with as small as possible
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Fig. 17 Basins for E6 and S6, p3(x) = x4 − x
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Fig. 18 Basins for E6 and S6, p4(x) = x5 + 2x4 + 2x3 + 10x2 + 25x

Table 5 Iteration data for the polynomials p1–p4 and the methods Er and Sr (r = 3, 4, 5, 6)

Examples Er A B C (%) Sr A B C (%)

Example 1 E3 114.0 8.48 1.46 S3 65.8 4.98 0.32

p1(x) E4 153.6 8.38 2.42 S4 71.9 3.70 0.26

E5 220.1 7.88 4.28 S5 87.4 3.18 0.26

E6 317.6 7.91 4.05 S6 110.2 2.90 0.26

Example 2 E3 76.5 5.19 0.001 S3 59.0 3.84 0

p2(x) E4 106.5 4.97 0.07 S4 75.1 3.12 0

E5 161.6 5.22 0.05 S5 91.7 2.63 0

E6 268.5 5.72 0.21 S6 117.7 2.39 0

Example 3 E3 89.2 6.22 0.004 S3 71.1 5.02 0

p3(x) E4 119.1 6.10 0.07 S4 85.1 4.05 0

E5 168.5 6.09 0.26 S5 102.7 3.47 0

E6 257.2 6.28 0.55 S6 130.0 3.16 0

Example 4 E3 128.7 5.72 0.05 S3 94.9 4.08 0

p4(x) E4 215.5 6.13 0.36 S4 126.1 3.22 0

E5 377.7 6.56 1.09 S5 163.7 2.78 0

E4 626.1 7.00 2.09 S6 210.2 2.48 0

Average over E3 99.1 6.40 0.38 S3 72.7 4.48 0.08

all examples E4 148.7 6.42 0.73 S4 89.6 3.53 0.065

E5 231.9 6.43 1.42 S5 111.4 3.01 0.065

E6 545.8 6.72 1.73 S6 142 2.73 0.065

A—CPU time in seconds; B—average number of iterations for all starting points; C—percentage of

divergent (“black”) points
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Fig. 19 Basins for E5 and S5 for the roots of the polynomial p(x) = x2 + 2i

blobs and fractals on the boundary of basin. However, in most cases, basins of attrac-

tion usually have a complex and intricate structure, often dappled by fractals, see,

e.g., [14, 25]. This is a consequence of very complicated and unpredictable depen-

dence of convergence behavior of applied root-finding methods on starting points. In

spite of that, the hue, shape and size of basins of attraction can often lead to a proper

conclusion about the quality of considered methods and their real rank.

Concluding remarks on basins of attraction From Figs. 3–18, it is evident that

the basins of attraction displayed on the right side of each pair of figures (for Sr )

have larger unvaried area, less blobs and fractals, and considerably smaller number of

black points (0 in some examples) compared to the basins of attraction on the left side

of the same pair (for Er ). Therefore, convergence behavior of the Schröder family of

the second kind Sr is significantly better compared with the Schröder family of the

first kind Er for each r ∈ {3, 4, 5, 6} and all tested polynomials p1–p4. This conclu-

sion is confirmed by the values of the CPU time and the average number of iterations

for Er and Sr , which is clear by comparison of the corresponding entries in Table 5.

Considering the case of two zeros of a quadratical polynomial, it is worth noting (see

[40]) that the basin boundary is always the right bisector of the line connecting these

zeros for both family Er and Sr . However, the basins of Sr do not contain any blobs
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Fig. 20 Basins for E3, E4, E5, E6, p4(x) = x5 + 2x4 + 2x3 + 10x2 + 25x

Author's personal copy



Numer Algor (2018) 78:847–865 863

3 2 1 0 1 2 3

3

2

1

0

1

2

3

3 2 1 0 1 2 3

3

2

1

0

1

2

3

3 2 1 0 1 2 3

3

2

1

0

1

2

3

3 2 1 0 1 2 3

3

2

1

0

1

2

3

Fig. 21 Basins for S3, S4, S5, S6, p4(x) = x5 + 2x4 + 2x3 + 10x2 + 25x

and fractals, but this is not the case for the family Er (r > 2), see Fig. 19. This fact

additionally points to the advantage of the family Sr relative to the family Er .

According to the analysis of the unvaried areas, the regions of divergent points

and the distribution of fractals of the basins of attraction of the families Er and Sr

displayed in Figs. 3–18, we can conclude the following:

(1) The method Er1
has less black points and less blobs and fractals relative to Er2

if 2 < r1 < r2. As example, we give Fig. 20.

(2) The method Sr1
has fewer black points and less blobs and fractals relative to

Sr2
if r1 > r2 > 2. As example, we give Fig. 21.

Both methodologies (14) for estimating the quality of the considered Schröder

families Er and Sr clearly show that Sr is better than Er considering several

categories. An open question immediately arises: How to explain the mentioned

advantages? In situations when a strong mathematical proof is not available, we seek

possible answer through the properties and quality of approximations of a given func-

tion by (i) a power series and by (ii) rational function. This subject is a very difficult

task, extensively considered in many papers belonging to the area of the approxima-

tion theory, and certainly exceeds the aim of this paper. We only note that classes

of functions where rational approximation is better than approximation by polyno-

mials were considered in [5], [29, Ch. 10], [30, 31], and other references. Although

DeVore and Yu [15] note that there exist many convincing results on the dominance

of rational approximations over polynomial approximations, S. Sashdeva and N. K.

Vishnoi in their book [32] point to the complexity of the mentioned problem using

the following words (cited from [32]): “Despite remarkable progress in the theory

of approximations by rational functions, there seems to be no clear understanding

as to why rational approximations are often significantly better than polynomial

approximations.”

5 Conclusion

Despite the lack of strong mathematical explanation on the dominance of rational

approximations, mentioned at the end of the previous section, we can bring valu-

able conclusions about the quality of the two considered families of Schröder’s type.

According to the numerical results obtained in a number of numerical experiments,

part of which is presented in Tables 2 and 3, we have concluded that the Schröder
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family of the second order Sr produces more accurate approximations for each

r ∈ {3, 4, 5, 6} compared to those produced by the Schröder family of the first order

Er . However, the same outcome of many numerical results does not mean that the

same holds for all functions. Therefore, the conclusion about the ultimate advantage

of the family Sr relative to Er , based only on numerical experiments, cannot be given

in a strong mathematical sense since there might exist some exceptions. For this rea-

son, the dynamic study of Schröder’s families of first and second kind was employed

to provide many useful information on the convergence behavior of both families.

Basins of attraction of the family Er and Sr show that the convergence behavior

of the Schröder family of the second kind Sr is significantly better compared with

the Schröder family of the first kind Er for each r ∈ {3, 4, 5, 6} and all tested poly-

nomials p1–p4. These basins consist of larger unvaried areas and contain less blobs

and fractals. The above conclusion is also clear regarding the values of the CPU time

and the average number of iterations for Er and Sr given in Table 5. The results of

both methodologies (14) undoubtedly indicate that the Schröder family of the second

order Sr possesses better convergence characteristics than the Schröder family of the

second order Er for a fixed r , at least for the only reasonable range r ∈ {3, 4, 5, 6}.
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