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derivative-free methods.
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1. Introduction

The problem of solving nonlinear equations ranks among the most significant in the theory and practice, not only of applied
mathematics but also of many branches of engineering sciences, physics, computer science, astronomy, finance, and so on. The
list of publications concerning this topic is very extensive and can be found on McNamee’s web site [10]. Iterative methods for
the simultaneous determination of all zeros of a polynomial are important root solvers since they overcome difficulties of suc-
cessive removal of linear factors (deflation) and have fast convergence. Besides, some of them possess global convergence
properties to a certain extent. More details on simultaneous methods are presented in the monographs [11,14,15].

The goal of this paper is to derive and study a new iterative method of high computational efficiency for finding all (real or
complex) zeros of a polynomial, simultaneously. In Section 3 we prove its local cubic convergence. Some computational
aspects of the proposed method and three numerical examples are given in Section 4.

2. Construction of a method

Let x be an approximation of a simple zero f of a function f and let us construct an interpolating function u of the second
degree for f such that
uðrÞðxÞ ¼ f ðrÞðxÞ ðr ¼ 0;1;2Þ:
Traub [20] showed that the function u of the form
uðtÞ ¼ f ðxÞ þ ðt � xÞf 0 xþ 1
2
ðt � xÞ

� �
ð1Þ
fulfils these conditions.
. All rights reserved.
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Let t ¼ x� be a point satisfying the condition uðx�Þ ¼ 0. Then from (1) it follows
0 ¼ f ðxÞ þ ðx� � xÞf 0 xþ 1
2
ðx� � xÞ

� �
: ð2Þ
Solving Eq. (2) in x�, we obtain
x� ¼ x� f ðxÞ
f 0 xþ 1

2 ðx� � xÞ
� � : ð3Þ
This is an implicit relation in x� so that x� on the right side of (3) should be estimated by some approximation of the zero f.
We restrict our consideration to algebraic (monic) polynomials PðzÞ ¼ zn þ a1zn�1 þ � � � þ an�1zþ an of degree n with sim-

ple zeros f1; . . . ; fn: For reasonably good approximations z1; . . . ; zn to the zeros let us define Weierstrass’ function z#WiðzÞ by
WiðzÞ ¼
PðzÞQ

j2In
j–i
ðz� zjÞ

ði 2 InÞ;
where In ¼ f1; . . . ;ng is the index set. The index j always takes all values (except explicitly cited) from the set In in products
and sums which appear in this paper. For z ¼ zi we will write WiðziÞ ¼Wi and call Wi Weierstrass’s correction. We recall that
one of the most frequently used iterative methods for the simultaneous approximation of polynomial zeros is quadratically
convergent Weierstrass’ (or Durand–Kerner) method (see [4,9]),
ẑi ¼ zi �
PðziÞQ

j2In
j–i
ðzi � zjÞ

¼ zi �Wi ði 2 InÞ; ð4Þ
where ẑ1; . . . ; ẑn are new approximations.
Let us return to (3) and put x ¼ zi and x� ¼ zi �Wi on the right side of (3). Instead of the function f we consider an alge-

braic polynomial P with simple (real or complex) zeros, that is, f � P. In this way we obtain
ẑi ¼ zi �
PðziÞ

P0 zi � 1
2 Wi

� � ði 2 InÞ: ð5Þ
The iterative formula (5) defines a new method of Newton–Weierstrass’ type (N–W method, for brevity) for the simulta-
neous approximation of all simple (real or complex) zeros of the polynomial P, producing new (preassumbly improved)
approximations ẑ1; . . . ; ẑn. A similar method was recently constructed in [18]. The simultaneous method (5) has the following
form for the iteration index m,
zðmþ1Þ
i ¼ zðmÞi � PðzðmÞi Þ

P0 zðmÞi � 1
2 W ðmÞ

i

� � ði 2 In; m ¼ 0;1; . . .Þ; ð6Þ
where
W ðmÞ
i ¼ PðzðmÞi ÞQ

j2In
j–i
ðzðmÞi � zðmÞj Þ

:

The main subject of this paper is the study of properties of the N–W method (6), including convergence analysis and com-
putational aspect.

The calculation of Weierstrass’ corrections W ðmÞ
i in each iteration enables us to control the upper error bounds of approx-

imations. Let zðmÞ1 ; . . . ; zðmÞn be approximations calculated by the iterative formula (6). Under suitable computationally verifi-
able conditions, which can be easily accomplished in practice, each of disks defined by
z : z� zðmÞi

��� ��� < dn WiðzðmÞi Þ
��� ���n o

ði 2 In; m ¼ 1;2; . . .Þ
contains the corresponding zero fi. This means that fi � zðmÞi

��� ��� < dn WiðzðmÞi Þ
��� ���. The value of multiplier dn 2 ð1;2Þ depends on the

polynomial degree n and initial conditions, see [15, Section 3.4], and [16]. Therefore, the radius dn WiðzðmÞi Þ
��� ��� can be taken as

the upper error bound for zðmÞi . Since we anyway use WiðzðmÞi Þ in the iterative formula (6), no additional computations are
needed, except in the last iteration. In a similar way as in [16], it can be shown that the sequences of radii

dn WiðzðmÞi Þ
��� ���n o

ði 2 InÞ converge cubically to 0.

3. Convergence analysis

In this section we study the convergence speed of the N–W method (6). For simplicity, we will omit the iteration index in
our analysis and consider the iterative formula (5).
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Theorem 1. If z1; . . . ; zn are sufficiently close approximations to the zeros f1; . . . ; fn of a polynomial P, then the order of
convergence of the iterative method (5) is three.

Proof. In the convergence analysis we will use the denotation a ¼ OMðbÞ for two complex numbers a and b whose moduli are
of the same order, that is, jaj ¼ OðjbjÞ.

Let ei ¼ zi � fi and êi ¼ ẑi � fi. According to the assumption of the theorem, the errors e1; . . . ; en are sufficiently small in
moduli. Let us assume that the errors e1; . . . ; en are of the same order in moduli and let ei ¼ OMðeÞ, where e 2 fe1; . . . ; eng is the
error such that jej ¼max16k6njekj: Similarly, jêj ¼max16k6njêkj. Observe that
PðziÞ ¼ ei

Y
j2In
j–i

ðzi � fjÞ ¼ OMðeÞ; Wi ¼ OMðPðziÞÞ ¼ OMðeÞ: ð7Þ
In our proof we use the representation of a polynomial P by the Lagrange interpolation for the points z1; . . . ; zn;
PðzÞ ¼Wi

Y
j2In
j–i

ðz� zjÞ þ
Yn

j¼1

ðz� zjÞ
X
j2In
j–i

Wj

z� zj
þ 1

0
BB@

1
CCA: ð8Þ
Applying the logarithmic derivative to (8) we obtain
P0ðzÞ
PðzÞ ¼

X
j2In
j–i

1
z� zj

þ

P
j2In
j–i

Wj

z�zj
þ 1� ðz� ziÞ

P
j2In
j–i

Wj

ðz�zjÞ2

Wi þ ðz� ziÞ
P

j2In
j–i

Wj

z�zj
þ 1

" # :
Putting z ¼ zi in the above formula we get
P0ðziÞ
PðziÞ

¼
X
j2In
j–i

1
zi � zj

þ

P
j2In
j–i

Wj

zi�zj
þ 1

Wi
;

from which
Wi ¼
PðziÞ
P0ðziÞ

�
1þ

P
j2In
j–i

Wj

zi�zj

1� PðziÞ
P0 ðziÞ

P
j2In
j–i

1
zi�zj

¼ PðziÞ
P0ðziÞ

ð1þ OMðeÞÞ: ð9Þ
Using Taylor’s series, the estimation (9) and the development in geometric series, from (5) we find
ẑi ¼ zi �
PðziÞ

P0ðziÞ � 1
2 P00ðziÞWi þ 1

4 P000ðziÞW2
i þ OMðe3Þ

¼ zi �
PðziÞ

P0ðziÞ 1� P00 ðziÞWi
2P0ðziÞ

þ OMðe2Þ
� �

¼ zi �
PðziÞ
P0ðziÞ

1þ P00ðziÞWi

2P0ðziÞ
þ OMðe2Þ

� �
¼ zi �

PðziÞ
P0ðziÞ

1þ P00ðziÞPðziÞ
2P0ðziÞ2

ð1þ OMðeÞÞ þ OMðe2Þ
 !

:

Hence, by (9),
ẑi ¼ zi �
PðziÞ
P0ðziÞ

� P00ðziÞPðziÞ2

2P0ðziÞ3|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
CðziÞ

þOMðe3Þ; ð10Þ
where
CðziÞ :¼ zi �
PðziÞ
P0ðziÞ

� P00ðziÞPðziÞ2

2P0ðziÞ3
is the Chebyshev iterative method of the third order (see, for instance, [20, Section 5.2] ), that is,
CðziÞ � fi ¼ OMðe3Þ: ð11Þ
In view of (11), from (10) it follows
jêij ¼ jẑi � fij ¼ jCðziÞ � fi þ OMðe3Þj ¼ Oðjej3Þ; ð12Þ
since Oðjej3Þ is the dominant term. From (12) we conclude that the order of convergence of the N–W method (5) is three,
which completes the proof of Theorem 1. h
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4. Computational aspects

In this section we first consider computational efficiency of derivative-free methods for the simultaneous determination
of polynomial zeros. The third order method, structurally similar to (5),
Table 1
The num

The
The
The
The
The
ẑi ¼ zi �
Wi

1� Pðzi�WiÞ
PðziÞ

ð13Þ
was derived in [18]. This method possesses almost the same efficiency as the new method (5) (see Table 1 and Fig. 1 below),
but sometimes its convergence behavior is instable because of substraction of close quantities in the denominator of (13).

The best known third order method based on Weierstrass’ corrections is the Börsch-Supan method [2]
ẑi ¼ zi �
Wi

1þ
P

j2In
j–i

Wj

zi�zj

ði 2 InÞ: ð14Þ
Carstensen [3] proved that the method (14) is equivalent to the Ehrlich–Aberth method (see, e.g., [1])
ẑi ¼ zi �
1

P0 ðziÞ
PðziÞ
�
P

j2In
j–i

1
zi�zj

ði 2 InÞ;
one of the most frequently used methods in practice.
Nourein [12] accelerated the Börsch-Supan method (14) without additional operations using Weierstrass’ correction Wi

in this manner:
ẑi ¼ zi �
Wi

1þ
P

j2In
j–i

Wj

zi�Wi�zj

ði 2 InÞ: ð15Þ
Nourein’s method (15) has the order four and it is one of the most efficient simultaneous methods in the literature.
Let us define
Gk;i ¼
X
j2In
j–i

Wj

ðzi � zjÞk
ðk ¼ 1;2Þ:
ber of numerical operations of the methods (5), (13)–(18) and (19).

AS(n) M(n) D(n)

proposed method (5) 12n2 þ OðnÞ 12n2 þ OðnÞ 4n
derivative-free method (13) 12n2 þ OðnÞ 12n2 þ OðnÞ 6n
Börsch-Supan method (14) 15n2 þ OðnÞ 14n2 þ OðnÞ 2n2 þ OðnÞ
Nourein method (15) 15n2 þ OðnÞ 14n2 þ OðnÞ 2n2 þ OðnÞ
fourth order methods (16)–(19) 24n2 þ OðnÞ 24n2 þ OðnÞ 4n2 þ OðnÞ

Fig. 1. Ratios of computational efficiencies in %.
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In the sequel, we give another derivative-free methods of the fourth order:
ẑi ¼ zi �
Wi

1þ G1;i
1� WiG2;i

ð1þ G1;iÞ2

 !
½19�; ð16Þ

ẑi ¼ zi �
Wi

1þ G1;i þWiG2;i
½21�; ð17Þ

ẑi ¼ zi �
Wið1þ G1;iÞ

ð1þ G1;iÞ2 þWiG2;i

½5�; ð18Þ

ẑi ¼ zi �
ðaþ 1ÞWi

að1þ G1;iÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ G1;iÞ2 þ 2ðaþ 1ÞWiG2;i

q ½17�: ð19Þ
Denote the numbers of basic operations (reduced to real arithmetic operations) per iteration for n zeros of a given poly-
nomial of degree n as follows:

ASðnÞ – additions and subtractions, MðnÞ – multiplications, DðnÞ – divisions.
The entries of the number of basic operations are given in Table 1. We observe that the proposed method (5) requires the

least number of numerical operations.
The computational efficiency of an iterative method (M) can be successfully estimated using the coefficient of efficiency

given by
EðMÞ ¼ log r
h

ð20Þ
(see [11, Chapter 1]). Here r is the order of convergence of the iterative method (M) and h is its computational cost. The rank
of methods obtained by (20) mainly matches well with the central processor unit (CPU) time.

Considering the computational efficiency of iterative methods for simultaneous approximation of polynomial zeros, the
computation cost h should take into account the number of arithmetic operations per iteration, taken with certain weights
depending on the processor time. Denote these weights by was; wm and wd for addition + subtraction, multiplication and
division, respectively. Then the computational cost h can be (approximately) expressed as
h ¼ hðnÞ ¼ wasASðnÞ þwmMðnÞ þwdDðnÞ ð21Þ
and from (20) we obtain
EððMÞ;nÞ ¼ log r
wasASðnÞ þwmMðnÞ þwdDðnÞ : ð22Þ
It is reasonable to take the weights appearing in (21) and (22) proportionally to the number of cycles of the four basic
operations or the numbers of flops/s. These performances depend mainly on the precision of the employed computer arith-
metic and hardware (the power of processor (with/without co-processor)), see [13] for details. In our comparison procedure
we used the data given in [6] for multiprecision arithmetic operations.

To compare the new simultaneous method (5) with the existing derivative-free methods (13)–(19), we applied (22) and
calculated the percent ratios
e5;XðnÞ ¼ ðEðð5Þ;nÞ=EððXÞ;nÞ � 1Þ � 100 ðin %Þ;
where (X) is one of the methods (13)–(19). According to the entries from Table 1, we adopted that the methods (16)–(19)
have approximately the same computational cost hðnÞ. The percent ratios are graphically presented in Fig. 1 as the functions
of the polynomial degree n. The superiority of the new method (5) is expressed in %.

It is evident from Fig. 1 that the new method (5) and the third order (13) have almost the same efficiency for large n. Fur-
thermore, the method (5) is more efficient than the method (14) and it is considerably more efficient than the fourth order
methods (16)–(19). We emphasize that the new method (5) is even more efficient than the Nourein method (15) (the curve
e5;15), one of the most efficient simultaneous methods, see [14, Chapter 6]. The curves of the ratios of computational efficien-
cies vary for different weights, but they always show the dominance of the new method (5) in the class of derivative-free
methods.

We tested the proposed N–W method (5) in the examples of many algebraic polynomials to demonstrate its convergence
properties. Numerical examples were realized in the programming package Mathematica using multiple-precision arithme-
tic. Among them, we selected three examples for illustration.

Example 1. Approximations of the zeros of the polynomial
PðzÞ ¼ ðzþ 1Þðzþ 5Þðz2 � 9Þðz2 þ 9Þðz2 � 4zþ 8Þðz2 þ 4zþ 8Þðz2 � 2zþ 10Þ
¼ z12 þ 4z11 þ 3z10 þ 50z9 þ 33z8 � 68z7 � 51z6 � 850z5 � 6034z4 � 20;736z3 � 15;552z2

� 259;200z� 259;200



Table 2
Absolute errors in the first four iterations.

i jzð1Þi � fij jzð2Þi � fij jzð3Þi � fij jzð4Þi � fij

1 0.01413 3.568(�6) 1.046(�15) 2.768(�43)
2 0.02208 2.074(�5) 1.704(�14) 6.021(�41)
3 0.00226 1.208(�8) 4.788(�22) 2.872(�57)
4 0.00697 2.651(�6) 2.119(�16) 9.779(�45)
5 0.01231 9.425(�6) 5.832(�15) 1.538(�41)
6 0.04541 1.366(�5) 6.799(�15) 8.687(�42)
7 0.03134 5.902(�5) 2.449(�13) 3.897(�38)
8 0.01772 6.075(�6) 2.473(�15) 1.294(�42)
9 0.03049 3.311(�5) 3.253(�14) 2.059(�45)
10 0.02567 5.794(�5) 4.438(�13) 9.406(�38)
11 0.00368 7.127(�7) 5.700(�17) 8.596(�46)
12 0.02506 5.649(�5) 2.862(�13) 9.941(�38)

Fig. 2. Example 2: trajectories of approximations.
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were calculated by the method (5) using the iterative formula (6). The initial approximations were found using a procedure
for the localization of polynomial zeros presented in [8], yielding
eð0Þ ¼
Xn

j¼1

zð0Þi � fi

��� ���2
 !1=2

� 1:7:
Absolute errors zðmÞi � fi

��� ��� in the first four iterations are given in Table 2.

From Table 2 and a number of tested polynomial equations we can conclude that numerical results obtained by the simul-
taneous method (5) fit well to the theoretical result given in Theorem 1.

The following two examples demonstrate very good convergence behavior of the proposed method (5) in a global sense in
the presence of very crude initial approximations. We chose initial approximations using Aberth’s approach [1],
zð0Þk ¼ �
a1

n
þ R exp i

p
n
ð2k� 3=2Þ

� �
; ðk ¼ 1; . . . ; n; i ¼

ffiffiffiffiffiffiffi
�1
p

Þ; ð23Þ
where a1 is the coefficient of the polynomial PðzÞ ¼ zn þ a1zn�1 þ � � � þ an�1zþ an and R is the radius of a circle containing ini-
tial approximations. In fact, initial approximations generated by (23) are equidistantly spaced on a circle with radius R, see
Figs. 2 and 3. Although the radius R can be chosen in a wide range, in practice R is often calculated using Henrici’s formula [7]
R ¼ 2 max
16k6n

jakj1=k
:

Recall that the disk fz : jzj < Rg, centered at the origin, contains all zeros of the polynomial P, see [7, p. 457].



Fig. 3. Example 3: trajectories of approximations.
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Example 2. We applied the N–W method (5) for finding all zeros of the polynomial
PðzÞ ¼
Y15

k¼1

ðz� kÞ ¼ z15 � 120z14 þ � � � þ 4;339;163; 001;600zþ 1;307;674;368; 000
of Wilkinson’s type having real zeros 1,2, . . . ,15 and a1 ¼ �120. It is well known that this class of polynomials is ill-condi-
tioned, namely, small perturbations of polynomial coefficients cause great variations of zeros. Notice that many iterative
methods encounter serious difficulties in finding the zeros of Wilkinson’s polynomials.

We started with Aberth’s initial approximations (23) taking a1 ¼ �120; n ¼ 15 and R ¼ 20. We terminated the iterative
process when the stopping criterion
max
16i6n

jPðzðmÞi Þj < 10�15 ð24Þ
was satisfied. The behavior of the simultaneous method (5) is depicted graphically in Fig. 2.

Example 3. Global convergence of the N–W method (5) was also demonstrated in the example of the polynomial of degree
20,
PðzÞ ¼ ðz5 þ zþ 1Þðz5 þ zþ 4Þðz5 þ zþ 9Þðz5 þ zþ 16Þ
¼ z20 þ 30z15 þ 6z12 þ 90z11 þ 273z10 þ 4z8 þ 90z7 þ 546z6 þ 820z5 þ z4 þ 30z3 þ 273z2 þ 820zþ 575:
We used again Aberth’s initial approximations (23) taking a1 ¼ 0; n ¼ 20 and R ¼ 10. The stopping criterion was given by
(24). The behavior of the simultaneous N–W method (5) is displayed graphically in Fig. 3.

Both Examples 2 and 3 show that the method (5) converges linearly at the beginning of iterative procedure and its middle
phase, but almost straightforwardly toward the exact zeros. The method demonstrates the cubic convergence in several final
iterations. In both cases one can observe that approximations are radially distributed toward the aimed zeros. A number of
numerical examples showed similar convergence behavior, namely, the proposed N–W method (5) converged for almost all
initial approximations, pointing to (almost) global character of its convergence, very desirable property in applications.
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