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a b s t r a c t

A family of three-point iterative methods for solving nonlinear equations is constructed
using a suitable parametric function and two arbitrary real parameters. It is proved that
these methods have the convergence order eight requiring only four function evaluations
per iteration. In thisway it is demonstrated that the proposed class ofmethods supports the
Kung–Traub hypothesis (1974) [3] on the upper bound 2n of the order of multipoint meth-
ods based on n+ 1 function evaluations. Consequently, this class of root solvers possesses
very high computational efficiency. Numerical examples are included to demonstrate ex-
ceptional convergence speed with only few function evaluations.
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1. Introduction

Multipoint iterative methods for solving nonlinear equations were extensively studied in Traub’s book [1] and some
papers published in the 1970s. This class of root solvers is of great practical importance since it overcomes theoretical
limits of one-point methods concerning the convergence order and computational efficiency. It is worth mentioning that
the interest for multipoint methods has renewed in the first decade of the 21st century.
Let α be a simple real zero of a real function f : D ⊂ R → R and let x0 be an initial approximation to α. The two-point

method given by
yk = xk −

f (xk)
f ′(xk)

,

xk+1 = yk −
f (xk)
f ′(xk)

·
f (yk)

f (xk)− 2f (yk)
(k = 0, 1, . . .),

(1)

proposed in [2], was the first multipoint method of the fourth order. This method requires 3 function evaluations and has
the efficiency index 41/3 ≈ 1.587. Its order of convergence is optimal in the sense of the Kung–Traub conjecture [3]. We
recall that, according to this conjecture, the order of convergence of anymultipoint methodwithout memory cannot exceed
the bound 2n−1 (called optimal order), where n is the number of function evaluations per iteration. Therefore, the optimal
efficiency indexwould be 2(n−1)/n. Note that there are another two-step methods with optimal order (equal to four), such as
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Jarratt’s method [4], King’s method [5], Maheshwari’s method [6], and so on. Let us note that King’s family
yk = xk −

f (xk)
f ′(xk)

,

xk+1 = yk −
f (yk)
f ′(xk)

·
f (xk)+ bf (yk)

f (xk)+ (b− 2)f (yk)
(k = 0, 1, . . .)

(b ∈ R) (2)

contains as special cases Kou’s method [7] (b = 1), Chun’s method [8] (b = 2) and Ostrowski’s method (1) (b = 0).
During the last years, some improvements of Ostrowski’s method with the convergence order 5, 6 and 7 appeared in

the form of three-point schemes; see, e.g., [9–12]. Some other improved three-point methods having the order ≤7 were
also proposed in literature. However, all of these methods use four function evaluations in three steps, which does not
reach the optimal computational efficiency 81/4. Following the Kung–Traub conjecture, a genuine improvement would be
the construction of three-step methods with the optimal order equal to eight, requiring four function evaluations. Such
methods would have the efficiency index 81/4 ≈ 1.682, which is better than the efficiency of optimal two-point fourth
order methods and three-point methods with the order less than 8. Recall that Kung and Traub [3] developed two n-point
methods with the order 2n−1 using n function evaluations. Clearly, these methods generate optimal eighth-order methods
as special cases. Recently, Bi et al. [13,14] proposed three-step methods of the optimal order equal to eight.
In this paper we construct a family of three-stepmethods with the optimal order 8 (=24−1) using 4 function evaluations.

The first two steps are the same as those of King’s family (2), while the third step is constructed using three free ‘‘parametric’’
functions which are determined in such a way that the order of convergence of a three-step method is eight (Section 2). The
proposed family is tested on numerical examples and compared with the existing three-point methods with optimal order
eight (Section 3).

2. Three-point methods of optimal order of convergence

For simplicity, we omit the iteration index k and denote a newapproximationwith x̂.We startwith the three-step scheme

y = x−
f (x)
f ′(x)

,

z = y−
f (y)
f ′(x)
·

f (x)+ bf (y)
f (x)+ (b− 2)f (y)

, (b ∈ R),

x̂ =: g(x) = z −
f (z)
f ′(x)

(ϕ(t1)+ ψ(t2)+ ω(t3)) ,

(3)

where

t1 =
f (y)
f (x)

, t2 =
f (z)
f (y)

, t3 =
f (z)
f (x)

(4)

are variables and ϕ,ψ andω are free real functions which should be determined so that the three-point method (3) is of the
order eight. If x0 is an approximation to the zero α of f , then the corresponding iterative method is defined by

xk+1 = g(xk) (k = 0, 1, . . .).

Regarding (3), let us define the errors

e = x− α, u = y− α, v = z − α, e1 = g(x)− α.

We will use Taylor’s expansion about the zero α to express f (x), f (y) and f (z) as series in e, u and v, respectively. Then,
according to (4), we represent t1, t2 and t3 as Taylor’s polynomials in e.
Assume that x is sufficiently close to the zeroα of f , then t1, t2 and t3 are close enough to 0. Let us represent real functions

ϕ, ψ and ω appearing in (3) by Taylor’s series about 0,

ϕ(t1) = ϕ(0)+ ϕ′(0)t1 +
ϕ′′(0)
2
t21 +

ϕ′′′(0)
6
t31 + · · · , (5)

ψ(t2) = ψ(0)+ ψ ′(0)t2 + · · · , (6)

ω(t3) = ω(0)+ ω′(0)t3 + · · · . (7)

The expressions of Taylor’s polynomials (in e) of functions involved in (3) are cumbersome and lead to tedious calcu-
lations. In many cases this old-fashioned pencil-and-paper technique can be successfully replaced by a (semi-)automatic
procedure on a computer. For this reason, we do not give explicit expressions to save the space and use symbolic com-
putation in the programming package Mathematica to find candidates for ϕ,ψ and ω. We emphasize that all expressions
can be easily displayed using the program given below. Also, we note that these calculations can be performed using the
programming packagesMatlab andMaple.
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Wewill find the coefficients ϕ(0), ϕ′(0), . . . , ω′(0) of the developments (5)–(7) using a simple program inMathematica
and an interactive approach explained by the comments C1–C5. First, let us introduce the following abbreviations used in
this program.

ck = f (k)(α)/(k!f ′(α)), e = x− α, e1 = g(x)− α.
fx = f (x), fy = f (y), fz = f (z), f1x = f ′(x), f1a = f ′(α),
fi0 = ϕ(0), fi1 = ϕ′(0), fi2 = ϕ′′(0), fi3 = ϕ′′′(0),
psi0 = ψ(0), psi1 = ψ ′(0), om0 = ω(0), om1 = ω′(0).
Program (written inMathematica)
fx=f1a*(e+c2*eˆ2+c3*eˆ3+c4*eˆ4+c5*eˆ5+c6*eˆ6+c7*eˆ7+c8*eˆ8+c9*eˆ9);
f1x=D[fx,e]; u=e-Series[fx/f1x,{e,0,8}];
fy=f1a*(u+c2*uˆ2+ c3*uˆ3+c4*uˆ4); v=u-fy/f1x*(fx+b*fy)/(fx+(b-2)fy);
fz=f1a*(v+c2*vˆ2+c3*vˆ3+c4*vˆ4);
t1=fy/fx; t2=fz/fy; t3=fz/fx;
fi=fi0+fi1*t1+fi2/2*t1ˆ2+fi3/6*t1ˆ3; psi=psi0+psi1*t2; omega=om0+om1*t3;
e1=v-fz/f1x*(fi+psi+omega)//Simplify; a4=Coefficient[e1,eˆ4]

C1: Out[a4] = − c2((1+ 2b)c22 − c3)( -1+fi0+psi0+om0 )

psi0=0; om0=0; fi0=1; a5=Coefficient[e1,eˆ5]//Simplify

C2: Out[a5] = − c22((1+ 2b)c22 − c3)( fi1-2 )

fi1=2; a6=Coefficient[e1,eˆ6]//Simplify

C3:
Out[a6] = − 1

2 c2((1+ 2b)c2
2
− c3)(−2c3( psi1-1 )

+ c22( fi2+2(-6+psi1+2bpsi1) ))

psi1=1; fi2=10-4b; a7=Coefficient[e1,eˆ7]//Simplify

C4:
Out[a7] = 1

6 c2
2((1+ 2b)c22 − c3)(6c3( om1-4 )

+ c22( 96+12b2-fi3-6om1-12b(om1+2) ))

om1=4; fi3=12bˆ2-72b+72; a8=Coefficient[e1,eˆ8]//Simplify

C5: Out[a8] = − c2((1+ 2b)c22 − c3)((−41+ 22b− 16b2 + 2b3)c24
+ (15+ 2b)c22c3− c32 − c2c4)

Comment C1: From the expression of the error e1 = x̂− α = g(x)− α we observe that e1 is of the form

e1 = g(x)− α = a4e4 + a5e5 + a6e6 + a7e7 + a8e8 + O(e9). (8)

The iterative three-point method xk+1 = g(xk) will have the order of convergence equal to eight if we determine the
coefficients of the developments appearing in (5)–(7) in such a way that a4, a5, a6, a7 (in (8)) vanish. We find these
coefficients equalling shaded expressions in boxed formulas to 0. First, from Out[a4]we have

−1+ ϕ(0)+ ψ(0)+ ω(0) = 0.

Without loss of generality, we can take ψ(0) = ω(0) = 0, and hence, ϕ(0) = 1. In what follows, a5, a6, a7 and a8 are
calculated using the already found coefficients.
Comment C2: From Out[a5]we see that the choice ϕ′(0) = 2 gives a5 = 0.
Comment C3: a6 vanishes if we choose simultaneously ψ ′(0) = 1, ϕ′′(0) = 10− 5b.
Comment C4: We obtain a7 = 0 choosing ω′(0) = 4 and ϕ′′′(0) = 12b2 − 72b+ 72.
Comment C5: Substituting the quantities ϕ(0), ϕ′(0), . . . , ω′(0) in the expression of e1, found in the described interactive
procedure, we obtain

e1 = g(x)− α =
[
c2(c3 − (1+ 2b)c22 )

(
(2b3 − 16b2 + 22b− 41)c42 + (15+ 2b)c

2
2c3 − c

2
3 − c2c4

)]
e8 + O(e9). (9)

Therefore, to provide the eight order of convergence of the three-point method (3), it is necessary to choose the triple of
functions (ϕ, ψ, ω) so that their truncated developments in (5)–(7) are determined by

ϕ(0) = 1, ϕ′(0) = 2, ϕ′′(0) = 10− 4b, ϕ′′′(0) = 12b2 − 72b+ 72,

ψ(0) = 0, ψ ′(0) = 1, ω(0) = 0, ω′(0) = 4. (10)
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Themembers of higher order in the developments ofψ andω (see (6) and (7)) cannot increase the order of convergence of
the considered three-point method so that we take the simplest form of the functionsψ andω according to (6), (7) and (10),
that is,

ψ(t2) = t2 =
f (z)
f (y)

, ω(t3) = 4t3 =
4f (z)
f (x)

.

Slightly more general choice of ψ can be attained by introducing a real parameter a:

ψ(t2) =
t2

1− at2
=

f (z)
f (y)− af (z)

, ω(t3) = 4t3 =
4f (z)
f (x)

(a ∈ R). (11)

It can be shown (see Remark 1) that the asymptotical error constant a8 depends on a. Similar introduction of a parameter for
the function ω is pointless since such a parameter does not appear in the expression of a8, which means that its influence is
negligible.
Now, starting from the iterative scheme (3), we can state the new family of three-point methods for solving nonlinear

equations

y = x−
f (x)
f ′(x)

,

z = y−
f (y)
f ′(x)
·

f (x)+ bf (y)
f (x)+ (b− 2)f (y)

, (a, b ∈ R)

g(x) = z −
f (z)
f ′(x)

(
ϕ

(
f (y)
f (x)

)
+

f (z)
f (y)− af (z)

+
4f (z)
f (x)

)
,

(12)

where ϕ is arbitrary real function satisfying the conditions

ϕ(0) = 1, ϕ′(0) = 2, ϕ′′(0) = 10− 4b, ϕ′′′(0) = 12b2 − 72b+ 72, (13)

and a and b are real parameters. The iterative method is defined by

xk+1 = g(xk) (k = 0, 1, . . .), (14)

starting with an initial approximation x0 to the zero α.
According to the previous argumentation and discussion we can state the following theorem.

Theorem 1. If an initial approximation x0 is sufficiently close to the zero α and a real function ϕ in (12) is chosen so that the
conditions (13) hold, then the three-point method (12) has the order of convergence eight.

We found that the three-point method (12) has the optimal order. Its efficiency index is 81/4 ≈ 1.682, which is better
than the efficiency index 41/3 ≈ 1.587 of any two-point method of the fourth order requiring three function evaluations.
We recall that the efficiency index of the Newton method is only 21/2 ≈ 1.414.

Remark 1. According to (9), the asymptotical error constant (AEC, for brevity) of the method xk+1 = g(xk), given by (12), is

a8 = lim
k→∞

g(xk)− α
(xk − α)8

= c2(c3 − (1+ 2b)c22 )
(
(2b3 − 16b2 + 22b− 41)c42 + (15+ 2b)c

2
2c3 − c

2
3 − c2c4

)
.

However, this expression is correct if the Taylor series in (5)–(7) are truncated to the displayed members. For a concrete
triple of functions (ϕ, ψ, ω), the asymptotical error constant a8 is given by a specific expression; see, e.g., Methods 1–4
below. Moreover, takingψ(t2) = t2/(1− at2) = f (z)/(f (y)− af (z)) (see (11)) in (12), one can show that the asymptotical
error constant a8 depends on both parameters a and b.

Remark 2. We can take some other (suitably chosen) methods in (12) instead of King’s method (2). For example, the choice
of Maheshwari’s method [6] gives the three-point method

y = x−
f (x)
f ′(x)

,

z = y−
f (x)
f ′(x)

[
f (y)2

f (x)2
−

f (x)
f (y)− f (x)

]
,

g(x) = z −
f (z)
f ′(x)

(
ϕ

(
f (y)
f (x)

)
+

f (z)
f (y)− af (z)

+
4f (z)
f (x)

)
,

where the function ϕ satisfies the conditions ϕ(0) = 1, ϕ′(0) = 2, ϕ′′(0) = 4, ϕ′′′(0) = −6. In this particular case we
obtain the error relation

e1 = c2(4c22 − c3)(39c
4
2 − 18c

2
2c3 + c

2
3 + c2c4)e

8
+ O(e9).
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The function ϕ in (12) can take many forms satisfying the conditions (13). For example, the following two functions
depending on King’s parameter b (see (2)),

ϕ(t) = 1+ 2t + (5− 2b)t2 + (12− 12b+ 2b2)t3 (15)

and

ϕ(t) =
5− 2b− (2− 8b+ 2b2)t + (1+ 4b)t2

5− 2b− (12− 12b+ 2b2)t
, (16)

satisfy the conditions (13). In practice, it is reasonable to choose ϕ as simple as possible. For demonstration, in what fol-
lows we give four concrete functions ϕ together with asymptotical error constant (AEC) of the corresponding three-point
method (12) putting b = 0 in (2), that is, the first two steps in (12) are defined by the Ostrowski method (1).
Method 1. Iterative formula (12) with ϕ(t) = 12t3 + 5t2 + 2t + 1 (follows from (15) for b = 0);

AEC = c2(c22 − c3)((41− a)c
4
2 + (2a− 15)c

2
2c3 − (a− 1)c

2
3 + c2c4).

Method 2. Iterative formula (12) with ϕ(t) = 5−2t+t2
5−12t (follows from (16) for b = 0);

AEC = c2(c22 − c3)((61/5− a)c
4
2 + (2a− 15)c

2
2c3 − (a− 1)c

2
3 + c2c4).

Method 3. Iterative formula (12) with ϕ(t) =
(
1+ t

1−2t

)2;
AEC = c2(c22 − c3)((13− a)c

4
2 + (2a− 15)c

2
2c3 − (a− 1)c

2
3 + c2c4).

Method 4. Iterative formula (12) with ϕ(t) = 1
1−2t−t2

;

AEC = c2(c22 − c3)((12− a)c
4
2 + (2a− 15)c

2
2c3 − (a− 1)c

2
3 + c2c4).

Let us note that only the coefficient with c42 is changeable in the asymptotical error constants given above.

3. Numerical examples

The three-point methods (12) were tested on a number of nonlinear equations. To obtain very high accuracy and avoid
the loss of significant digits, we employedmulti-precision arithmeticwith 600 significant decimal digits in the programming
packageMathematica 6. As expected, the convergence of the proposed methods was remarkably fast; see Examples 1 and 2
presented below. The new methods (12) were compared with existing three-point methods given in what follows, having
the same convergence rate (eight) and the same computational efficiency 81/4.

Multipoint methods of Kung and Traub
At the beginning of this paper we have mentioned that Kung and Traub [3] constructed two n-point families of iterative

methods. We present these families, called here K–T family for brevity, in the form given in [3].
K–T (17): For any n, define iteration function pj(f ) (j = 0, . . . , n) as follows: p0(f )(x) = x and for n > 0,

p1(f )(x) = x+ γ f (x), γ is a nonzero constant,
...
pj+1(f )(x) = Rj(0),

(17)

for j = 1, . . . , n − 1, where Rj(y) is the inverse interpolatory polynomial of degree at most j such that Rj(f (pλ(f )(x))) =
pλ(f )(x) (λ = 0, . . . , j). The iterative method is defined by xk+1 = pn(f )(xk) starting with an initial guess x0. Let us note that
the family K–T (17) requires no evaluation of derivatives of f .
K–T (18): For any n, define iteration function qj(f ) (j = 0, . . . , n) as follows: q1(f )(x) = x for n > 1,

q2(f )(x) = x− f (x)/f ′(x),
...
qj+1(f )(x) = Sj(0),

(18)

for j = 2, . . . , n− 1, where Sj(y) is the inverse interpolatory polynomial of degree at most j such that

Sj(f (x)) = x, S ′j (f (x)) = 1/f
′(x), Sj(f (qλ(f )(x))) = qλ(x) (λ = 2, . . . , j).

The iterative method is defined by xk+1 = qn(f )(xk) starting with an initial guess x0.
For a fixed n, the methods K–T (17) and K–T (18) can be easily constructed using a recursive procedure on a computer;

see [3]. In our tests we have taken n = 4 to obtain the three-point methods of the eighth order.
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Table 1
f (x) = (x− 2)(x10 + x+ 1)e−x−1, α = 2, x0 = 2.1.

Three-point methods |x1 − α| |x2 − α| |x3 − α| r̃(17)

(12), ψ(t) = 12t3 + 5t2 + 2t + 1 1.50(−4) 8.13(−26) 6.15(−196) 7.99968
(12), ψ(t) = 5−2t+t2

5−12t 6.12(−5) 1.11(−29) 1.34(−227) 7.99947
(12), ψ(t) = (1+ t

1−2t )
2 6.84(−5) 3.04(−29) 4.71(−224) 7.99969

(12), ψ(t) = 1
1−2t−t2

6.01(−5) 9.29(−30) 3.02(−228) 8.00050
K–T (17), γ = 0.01 3.36(−4) 6.28(−23) 9.44(−173) 7.99978
K–T (18) 7.50(−5) 7.47(−29) 7.27(−221) 7.99991
(19), h(t) = 1+ 4t

2−5t , β = 3 1.83(−5) 3.15(−34) 2.45(−264) 7.99986
(19), h(t) = 1+ 2t + 5t2 + t3, β = 3 1.64(−4) 9.83(−26) 1.58(−195) 8.00073
(19), h(t) = 1

1−2t−t2+t3
, β = 3 6.02(−6) 7.91(−38) 6.99(−293) 8.00007

(19), h(t) = (1− 3t)−2/3, β = 3 3.61(−5) 4.03(−32) 9.91(−248) 8.03679

Three-point methods of Bi, Wu and Ren
We also tested the eighth-order family of iterativemethods proposed recently in [13], given by divided differences in the

form: 

yk = xk −
f (xk)
f ′(xk)

,

zk = yk − h(µk)
f (yk)
f ′(xk)

,

xk+1 = zk −
f (xk)+ βf (zk)

f (xk)+ (β − 2)f (zk)
·

f (zk)
f [zk, yk] + f [zk, xk, xk](zk − yk)

(β ∈ R),

(19)

whereµk = f (yk)/f (xk) and h(t) is a real-valued function.We tested fourmethods belonging to the family (19), obtained by
choosing four different forms of the function h in the same way as in [13] (see Tables 1 and 2). We did not insert numerical
results obtained by iterative methods of lower computational efficiency than that of (12), (17), (18) and (19) since the latter
methods are obviously more efficient and possess (as expected) clear dominance.
Besides the methods K–T (17), K–T (18) and four methods from the family (19), we also tested different methods from

the new family (12) choosing various parameter b in King’s formula (2), a = 0 in (11), and different forms of the function
ϕ. After an extensive experimentation we could not find a specific value of the parameter bwhich would be asymptotically
best for the tested nonlinear equations. For this reason, we displayed results obtained by Methods 1 to 4 presented above,
which correspond to the choice b = 0 (Ostrowski’s method). Amongmany numerical experiments, we select two examples
for demonstration.
The computational order of convergence, evaluated by the approximate formula (see Weerakoon and Fernando [15])

r̃ ≈
log |(xk+1 − α)/(xk − α)|
log |(xk − α)/(xk−1 − α)|

, (20)

is included in the presented tables.

Example 1. We applied the three-point methods (12) (Methods 1–4), (17), (18) and (19) (four variants) to the function

f (x) = (x− 2)(x10 + x+ 1)e−x−1.

To find the zero α = 2 of f we chose the initial approximation x0 = 2.1. The absolute errors |xk − α| in the first three
iterations are given in Table 1, where A(−t)means A× 10−t .

Example 2. We applied the same methods from Example 1 to find the zero α = −1 of the function

f (x) = e−x
2
+x+2
− cos(x+ 1)+ x3 + 1,

starting from x0 = −0.7. The absolute errors |xk − α| in the first three iterations are given in Table 2.

From the results displayed in Tables 1 and 2 and a number of numerical experiments, it can be concluded that the conver-
gence of the testedmultipointmethods of the eight order is remarkably fast. After a number of numerical examples wewere
not able to designate a specific iterativemethodwhich always produces the best results for all tested nonlinear functions. All
tested variants of the families (12) and (19) and the methods K–T (17) and K–T (18) demonstrated similar behavior for good
initial approximations. Numerical examples showed only that one of the tested methods is the best for some test-functions,
while some other is the best for other functions. Actually, the convergence behavior of the considered multipoint methods
strongly depends on the structure of tested functions and the accuracy of initial approximations.

Remark 3. From Tables 1 and 2 we observe that the computational order of convergence r̃ perfectly coincides with the
theoretical result. However, this is the case when initial approximations are reasonably close to the sought zeros.
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Table 2
f (x) = e−x

2
+x+2
− cos(x+ 1)+ x3 + 1, α = −1, x0 = −0.7.

Three-point methods |x1 − α| |x2 − α| |x3 − α| r̃(17)

(12), ψ(t) = 12t3 + 5t2 + 2t + 1 1.65(−7) 4.74(−58) 2.15(−462) 8.00019
(12), ψ(t) = 5−2t+t2

5−12t 9.15(−7) 2.89(−52) 2.87(−416) 7.99997
(12), ψ(t) = (1+ t

1−2t )
2 8.84(−7) 2.06(−52) 1.76(−417) 8.00017

(12), ψ(t) = 1
1−2t−t2

9.21(−7) 3.11(−52) 5.20(−416) 8.00010
K–T (17), γ = 0.01 2.82(−7) 2.18(−55) 2.81(−440) 7.99990
K–T (18) 2.45(−7) 5.73(−56) 5.07(−445) 8.00010
(19), h(t) = 1+ 4t

2−5t , β = 3 7.86(−7) 4.47(−52) 4.86(−414) 8.00006
(19), h(t) = 1+ 2t + 5t2 + t3, β = 3 1.19(−6) 1.69(−50) 2.92(−401) 7.99957
(19), h(t) = 1

1−2t−t2+t3
, β = 3 8.83(−7) 1.19(−51) 1.32(−410) 7.99981

(19), h(t) = (1− 3t)−2/3, β = 3 7.12(−7) 1.95(−52) 6.17(−417) 8.00000
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