
ABSTRACT 

We adapt the classical Ostrowski method for the simultaneous determination of alI 
zeros of generalized polynomials constructed by the functions from Tchebyshev’s 
system. It is shown that the order of convergence of this method is 3. The numerical 
stability of the method in the presence of rounding errors and a posterior-i error 
bound, which can be regarded as a generalization of Laguerre’s classical result for a 
polynomial, is analyzed. Numerical examples are included. 

1. GENERALIZED SQUA 

Let f be an analytical function, and let X(O) be an approximation of a zero 
5 of J Then the iterative formula 

,(m+l) = *(ml _ 
f( x’“‘)/f’( dm)) 

[ 

m = 0,1,2 ,..*, 
f”( .(m)) f ( p)) 

(1) 
1 

- 
f’( xhO)2 
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Let f be a generalized polynomial defined on a real interval [w. 
Tchebyshev’s system of basic functions (&( x)][= 0, with coefficients {Q}[= 0, 
that is, 

k=O 

For simplicity, this class of functions is refe red to as T-polynon2ials. As is 
well known, the T-po omial(2) has n distinct zeros &, . . . , & on [a, b]. 

The purpose o per is to present a new iterative method for the 
simultaneous deter of all zeros of a T-polynomial belonging to [a, b]. 
This method applies the Ostrowski method (11 and an approximation of the 
ratio f”(~>/f’(~> that appears under the square root in (1). The ratio 
f”(x)/f’( X) can be suitably approximated by &< x)/&( x), where g,,jx) is 
also a T-polynomial whose zeros are the approximations x{“‘), . . . , xr) of the 
zeros &,...,& off in e lnth iteration. Such a substitution is applied in [7] 
for the construction of e simultaneous Ehrlich-like method starting from 
Halley’s classical method. The polynomial g,,(x) can be expressed in the 

. (3) 

In what follows, for two real or complex numbers a and b with the same 
order of moduli, we write a = O(b), where 0 is Landau’s symbol. Using 
some manipulations with the functional determinant (3) and their derivatives 
as in [7], it is easy to prove the following assertion. 

LEMMA 1. Let Ei = Xi - ei. Thenf”( S,)g;r1(xi) -f’(&i)gil(xi) = O(Ei)* 

Setting the approximation gi,( x (“‘))/giJ P)) instead of f”< P~)/“( x(“‘)) 
in (l), we state the following iterative method for the simultaneous finding all 
zeros (belonging to [n, b]) of the T-polynomial f: 

p+ 1) = +I! - 
i i 

f ($l));/fl( Yy) 

f(p) g”( $1’) 1’2 ’ 

l - f’(p) * g’(xyo) 
1 

i=l ,.... n; n2 = 0,1,2 ,... . (4) 
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For short, we till write xi, pi, &i, hi instead of XI “‘J, XI”’ + * ), E! I)‘), E! I)’ + ‘J. 

In addition, let hi = f(~i)/f’(xi). 

THEOREM 1. If the initial approximations r(,O), . . . , x$, to the zeros of the 
T-polynomial f are suficiently close, then the square root method (4) l2a.s a 
cubic convergence. 

PROOF. We will use the aDr>roximation 

assuming 
using the 

1 n, >*=*9 

4F-q = 1 - (1/2)y + o( y’), (5) 

that y is sufficiently small in magnitude. According to this, and 
abbreviations introduced above, we obtain from (4, for all i = 

12, 
gi = xi - 

1 12 f”t’i) 1 f”( Xi) g"(Xi) 
- 

Qfyxi) + z"i 
( 
jyXi) - g'(xi) 

By the mean value theorem we have 

f’( Xi) =f’( (i) + (Xi - Ci)f”( Vi) =f’( Si) + ‘ifllirli), 

f”( Xi) =fn( pi) + (Xi - ~i)f”‘( pi) =fl( Si) + &r( ll)i)y 

(6) 

(7) 

(8) 

where rli and wi are real numbers belonging to a convex hull CO ( Xi, ti) of Xi 
and si. Using (7), (81, and Lemma 1, we obtain 

f”( Xi) g~( Xi) 

f’i.Xi) - g:,l(‘i) 
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Since f has the factor x - [i, it follows 
According to these estimates we obtain 

that f( xi)/‘< xi) = hi = 0(&i). 

f’(x 1 - &(Xi) 
= 0( hi). 

J \ i/ 

Applying Taylor’s development, 

1 

1 --t--t2 
= 1 + at + (a” + b)t2 + o(t”) 

(t is small enough, a and b are constants) to the right-hand side of (6) and 
taking into account (9), we get 

ii = Xi 

where cyi = O(1) is a constant. From this relation it follows that 

Following Schroeder’s development we have 

Setting this estimate in (lo), we obtain 

which completes the proof of the theorem. Cl 

EXAMPLE 1. The application of the iterative method (4) and its conver- 
gence speed have been demonstrated in the example of the equation 

ex - 3x2 -x+1= 
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considered on the interval [ - t is not difficult to c 
functions (1, x, x2, 6) make a 
The approximation function g,,,(x) concerning the mth it 

279 

constructed using (31, namely, 

g&) = 

1 x x2 ex 

1 x1 xf exl 

1 x2 xi ex2 

1 x3 xi ex3 

where x1, x2, x3 are the approximations to the wanted zeros obtain 
mth step (omitting the iteration index for simplicity). 
determinant, we obtain 

gm( 4 = co + clx + c2x2 + c3ex, 

where the coefficients are given by the expressions 

CO = x1xiex3 - xlxiex2 + x2x~exL - x2xfex3 + x3xfex2 - x3 xie*I, 

Cl = -_xie'3 + xiex2 - xzexl + Xfex3 - xfe*2 + xiexl, 

cg = -_xlex3 + xlexf - x2eXl + x2ex3 - x3ex2 -I- x3zx1, 

CQ = -x1x; + x1x; - x2x; + x2x; 
2 

- x3x: + x3x2. 

As initial approximations we have taken 

l&t 16(m)l = n-lax, <j< ,If( Xj”‘))l be the 1~EiXiiiZd 
mth iterative step. The G-r 

terion. After the first a 
-2 and 1 S’2’) = 2.36 x 
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results: 
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(3) = 
Xl - 0.87392514384233, s,c;l) = -9.86 x lo-“, 

(3) x2 = 0.93242220731292, sg, = -8.63 x lo-“, 

(3) 
x3 = 3.86399552632152, @3) = -9.36 x lo-“. 

All listed digits of the approximations are correct. 
For comparison, we have implemented the Qstrowski method (1) for 

single zeros, which also possesses cubic convergence, as the generalized 
method (4). The accuracy of the obtained approximations is the same as in 
the case of method (4). 

REMARK 1. In the special case when the function f is an algebraic 
polynomial p, we have 

k#i 

so the iterative formula (4) reduces to 

ii = Xi - P( ‘i)/P’( ‘i) 

1 
l/2 ’ 

i = 1, 

l- - xJ1 

k+i 

. . ’ ‘) n (11) 

According to Theorem 1 the square root method (11) has cubic convergence. 
Therefore, the Ostrowski-like simultaneous method (11) preserves the con- 
vergence rate in comparison with the basic formula (1) for a single zero. We 
recall that another Ostrowski-like simultaneous method for algebraic polyno- 
mial given by . 

1 



cski Root-Finding Method 281 

bee [3]) has order of convergence equal to but requires more numerical 
operations. 

ERICAL STABKITY 

In the following we consider the numerical stability of the generalized 
Ostrowski method (4). We study the convergence rate of this method in the 
presence of rounding errors concerning the uation of f and f’ at the 
points Xi using int arithmetic as in [lo]. any pr- bperties of (real and 
complex) interval a metic can be found in t monograph of Alefeld and 
Herzberger [l]. In this paper we recal1 only the basic operations of circular 
complex arithmetic. 

A circular closed region (disk) Z := (x : Ix - cl < r) with center c := 
mid Z and radius T := rad Z will be denoted by parametric notation Z := 
(c, r). If Zk := (ck, rJ, k = 1,2, then 

2, 2 z 2 = (Ci + c - L’ fl + r21’ 

Zl .Z2 = (qc2, Icllr2 + Ic21r, + +1f-2}. 

2, : 2, = 2, -z&p, s4z,, 

x E Z * 1x1 < Imid + radZ. 

For simplicity, we use the centered form of the square root and inversion of a 
disk Z = (c, r} not containing 0 (that is, ICI = r) (see [9I): 

1 1 r 

2-l := - 

1 c’Icl(lcl-r) ’ (12) 

With the abbreviations 
let us rewrite the iterative 

Si = g”qXi)/g’(Xi) an 
formula (4) in the form 
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Our analysis of the numerical stability of the square root method (14) will 
include a complex case. As recommended by enrici 151 and Gargmtini kl, 
the real or complex numbers ui si have tr, be replace 

(ui, 6, i) and (si, 62, i}, respective re 61,i and 62, i are u 
the ardsolute value of the error appearing in the calculation of ui and si 
involved in (14). imphfy the analysis we deal with the maximal error 
pi = max(6, i, 6, 9 . y circular arithmetic operations we obtain 

1 

x^i ~ xi - [{Ui, Si), - (Si, Si)(Ui, Si)]L’2 

hi 
= x. -_ 

2 

[(l - Sihi, r)?‘l~’ 

where 

ri = Si(hi!(;?,SiIhiI + lsil lhil + 3). 

Let us introduce 

ri 

- sihil + dll - sihil - ri _ 

Using (12) and (13) we find 

c Ei 

which gives 

(15) 

(16) 

i 

1 

hi 
Pi 

&i - hi pilhil 
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rom Theorem 1 we have 

mid Xi” = &i - 
hi 

dm = O(+* 

Since the denominator of rhe radius of the disk in (17) is bounded below, 
according to (15) and (16) we estimate 

rad Xi* = ‘(‘1h,lzS, + lhi13S, + Isillhi13~i) = O(l~~il’8i) 

because of hi = 0(&i). Finally, taking into account the two last bounds, we 
find 

Assuming that Ei is small enough, from the last expression we conclude 
that the order of convergence of the generalized Ostrowski method (4) 
remains 3 (as in the absence of rounding errors) if at least pi = O(l &ii), that 
is, if the rounding error 6i is at least of the same order as the magnitude of J 
In the case when the error Si is greater but not exceeding a constant [that is, 
& = O(l)], then the convergence of (4) is smaller than 3 and is at least 
quadratic. Since in practice we implement any algorithm as long as the 
measure of accuracy &i remains under the limited precision of the employed 
arithmetic, and this bound is a crude estimate for rounding errors, we can 
conclude that the considered algorithm (4) has order of convergence almost 
3. Therefore, the generalized Ostrowski method is considerably stable in the 
presence of rounding errors. 

3. A POSTERIOR1 ERROR BOUNDS 

T-polynomials (2) defined on the real interval [a, b] with 12 simple zeros 

5 1, . . . . &, on this interval can be represented as 

where IY is the simple smoot 

[I21) . ere x i+ y(x) is an an 
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where c is an arbitrary point inside I? such that f<c> # 0 (see [2]). Using the 
representations (18) and (19), we are able to establish the following assertion. 

THEOREM 2. Let x1, . . . , x, be approximations to the zeros &, . . . , &, of 
f. Then the &SIC (xi, r( xi)}, where 

r(Xj) = tl 
f(‘i) 1 

f’(xi) 1’ - [f(xi)/f’(xi)] y’( xi)1 ’ 
(20) 

contains at least one zero off. 

PROOF. Differentiating (18), we find for x = xi, 

f’(Xi) n ’ 

y’(xi) = f( Xi) - jsl xi - q l 

Let j, be the index for which I-1: i - 5i,, 1 < I xi - $1, j + j,. Then we ha-e the 
estimatibn 

f’( ‘i) 1 I 

f(Xi) 
- Y’(‘i) G I 

xj - tjOl i 
l+ 

xi - 5jol 

.i #j0 
xi - Sj 

I 

n 
< 

I ‘i - &I ’ 

which yields 

I 
f( ‘i) 1 

xi - &J < n -- 
f’(Xi) 1’ - [f(‘i)/S,( ‘i)] y’( ‘j)l l 

(21) 

there exists an interval with center xi and half-width r(xi) giver: by 
at least one zero 0 btiously, the theorem also holds in 

e function f is corn Cl 
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REMARK 2. We note that the estimate (21) resembles t 
Laguerre inclusion disk 

gebraic polynomials [in this case erefore, (21) can be 
regarded as a generalization of Laguerre’s result. 

REMARK 3. From (19) we get 

1 1 !& 
Y’(X) = G /, O w - crm] dw . 

( W- X)” (22) 

In practice, the value of the function y’ at the point x = xi can be effectively 
calculated using the trapezoidal quadrature rule for the contour integral (see 

[61) 

h 

%A %A) 
k=l 

(23) 

along the circumference I? = (Z : 1~1 = R) with the nodes 

where akA are the weights of the quadrature formula (23). 
If the zeros of .f are not very close each to other and xi is a sufficiently 

good approximation to the zero si, then the disk (xi, rQ xi)) till include the 
zero 5i only. In this may we can determine the upper error 
with great precision as demonstrated in the following example. 

EXAMPLE 2. Let us consider the function 

f(r) = ex - 2cos3x - 
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on the interval [ - 1.5, -0.71. It is easy to check that this function is a 
T-polynomial formed by the basic function (1, cos 3x, eX), which has exactly 
two zeros on this interval. This function also belongs to the class of analytic 
functions of the form (18). We have applied the generalized Ostrowski 
method (4) for finding the zeros of f in the interval [ - 1.5, -0.71. If x1 and 
x2 are approximations to the zeros of f, then the representation (3) yields 

&z(x) = e”(cos3x, - COS~X,) - ( eX1 - exe) cos3x 

+ex2 cos 3x, - eX1 cos 3x,. 

Starting with the initial approximations xi’) = - 1.4 and x$,‘) = -0.6, after 
the thiid iteration we havYobtained 

_$’ = - 1.229708718114723, 

‘The first incorrect digit is underlined. 
have the errors 

I &I 

(3) = 
X2 - 0.821932206573198. 

For the produced approximations we 

I@] = I$’ - t21 = 1.25 X lo-r4. 

Using (20) we have found the half-widths of the inclusion intervals (giving 
the a posteriori error bound) that include the exact zeros & and t2. Their 
values are 

r( rp’) = 1.91 x 10-14, r( xi3)) = 2.51 x 10-14, 

which are very close to the real errors ]c!~)]. This example shows that the 
presented estimate proced.ure is very efficient. Of course, it cannot quite 
substitute for inclusion zero-finding methods, which enable automatic deter- 
mination of upper error bounds in each iteration step and take into account 
rounding errors. (For 
Nevertheless, for small 

ounds in practice 

I xi - &J, since 

more details, see the monographs [l] and [ll].) 
computational cost, the estimate (21) yields satisfac- 
because the half-width r(xi) is of the same order as 

sides, to find satisfactory bounds in (21) it is not necessary to calculate 
xi) [given by (22 th 

calculation Of y’( Xi 
great accuracy. For instance, if the relative error in 

the quadrature formula (23) is 40% for the presented 
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example, then we obtain r(xi3’) = 3.18 X 1 
Even when the relative error is 8O%, the bo 
r( xy)) = 9.55 X lQ_“, r( xi3)) = 1.25 X IO- 13. We obse 
increase in the bounds in spite of a crude calcul 
the enclosure of zeros is not necessary, we can 
as a bound for 12, - 61 with 
of y’(xih 

considerable accuracy, avoiding any calculation 
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